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Abstract 



The holonomy group of a pseudo-Riemannian manifold, t.m. the group of parallel displacements 
along all loops at a fixed point, is an invariant of the Levi-Civita connection and gives much infor- 
mation about the special geometric structure of the manifold. The problem to classify all possible 
holonomy groups is still open. In the case of simply connected manifolds this problem reduces 
to the classification of possible holonomy algebras. The classification of Riemannian holonomy 
algebras is a classical result. The classification of Lorentzian holonomy algebras was achieved only 
recently. 

In this thesis we classify holonomy algebras of pseudo-Kahlerian manifolds of index 2 and consider 
some examples and applications. 

Chapter I contains an introduction to the theory of holonomy groups. After fixing the necessary no- 
tation we give an outline of the methods and results which leads to the classification of the holonomy 
algebras for Riemannian and Lorentzian manifolds. Furthermore, for pseudo-Riemannian mani- 
folds, we reduce the classification problem to the classification of weakly-irreducible not irreducible 
holonomy algebras. 

In Chapter II we classify weakly-irreducible not irreducible subalgebras of su(l,n+ 1) (n > 0). 

Chapter III deals with the classification of weakly-irreducible not irreducible holonomy algebras of 
pseudo-Kahlerian and special pseudo-Kahlerian manifolds. First we classify weakly-irreducible not 
irreducible Berger subalgebras of u(l, n + 1). These algebras are generated by the images of their 
algebraic curvature tensors and are candidates for the holonomy algebras. We describe the spaces 
of curvature tensors for all of these algebras. After that, we construct a pseudo-Kahlerian metric 
of index 2 for each of these Berger algebras, i.e. we show that all Berger subalgebras of u(l, n + 1) 
are in fact holonomy algebras. 

In Chapter IV we consider some examples and applications. In the first part we describe examples 
of 4-dimensional Lie groups with left-invariant pseudo-Kahlerian metrics and determine their 
holonomy algebras. In the second part we use our classification of holonomy algebras to give a 
new proof for the classification of simply connected pseudo-Kahlerian symmetric spaces of index 
2 with weakly-irreducible not irreducible holonomy algebras. Finally we consider time-like cones 
over Lorentzian Sasaki manifolds. These cones are also pseudo-Kahlerian manifolds of index 2. 
We describe the local DeRham-Wu decomposition of the cone in terms of the initial Lorentzian 
Sasaki manifold and we describe all possible weakly-irreducible not irreducible holonomy algebras 
of such cones. 
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Zusammenfassung 



Die Holonomiegruppe einer pseudo-Riemannschen Mannigfaltigkeit, d.h. die Gruppe der Paral- 
lelverschiebungen entlang allcr in cinem fixiertcn Punkt geschlossenen Kurven, ist eine Invariante 
des Levi-Civita Zusammenhangs. Sie gibt viele Informationcn iibcr die spczielle geometrische 
Struktur der Mannigfaltigkeit. Das Problem, alle moglichen Holonomiegruppen zu klassifizieren 
ist nach wie vor offen. Ina Fallc einfach-zusammcnhangender Mannigfaltigkcitcn rcduzicrt sieh 
dieses Probelm auf die Klassifikation der moglichen Holonomiealgebren. Die Klassifikation der 
Riemannschen Holonomiealgebren ist ein klassisches Resultat. Vor kurzem wurde die Klassifika- 
tion der Lorentzschen Holonomiealgebren abgeschlossen. 

In dieser Dissertation klassifizieren wir die Holonomiealgebren von pseudo-Kahlerschen Mannig- 
faltigkcitcn vom Index 2 und betrachten einige Beispiele und Anwendungen. 

Kapitel I enthalt eine Einfiihrung in die Theorie der Holonomiegruppen. Nach der Definition der 
notigen Begriffe beschreiben wir die Methode und die Ergebnisse der Klassifikation der Holonomieal- 
gebren von Riemannschen und Lorentzschen Mannigfaltigkcitcn. Insbesondere reduzieren wir das 
Klassifikation-Problem auf den Fall von schwach-irreduziblcn nicht irrcduziblcn Holonomiealge- 
bren. 

Im Kapitel II klassifizieren wir alle schwach-irreduziblcn nicht irrcduziblcn Untcralgcbrcn von 
su(l,n+l) (n > 0). 

Das Kapitel III ist der Klassifikation der schwach-irreduziblen nicht irreduziblen Holonomiealgebren 
von pseudo-Kahlerschen und speziellen pseudo-Kahlerschen Mannigfaltigkeiten gewidmet. Dazu 
klassifizieren wir zuerst schwach-irreduzible nicht irreduzible Serger-Unteralgebren von u(l, n + 1). 
Solche Algebren werden durch die Bilder ihrer algebraischen Krummungstcnsoren erzeugt und sind 
Kandidaten fur die Holonomiealgebren. Danach konstruieren wir fur jede dieser Berger-Algcbrcn 
eine pseudo-Kahlcrschc Metrik vom Index 2, d.h. wir zeigen, dass alle Berger-Unteralgebren von 
u(l, n+l) tatsachlich Holonomiealgebren von Kahlcr-Mctrikcn vom Index 2 sind. 

Im Kapitel IV betrachten wir einige Beispiele und Anwendungen. Im l.Teil beschreiben wir 
Beispiele 4-dimensionaler Lie-Gruppen mit links-invarianter pseudo-Kahlcrschcr Metrik vom In- 
dex 2 und bestimmen ihre Holonomiealgebren. Im 2. Teil benutzen wir unsere Klassifikation der 
Holonomiealgebren, um cincn neucn Bewcis fur die Klassifikation der einfach-zusammenhangenden 
symmetrischen pseudo-Kahlersch Mannigfaltigkeiten vom Index 2 mit schwach-irreduzibler nicht 
irrcduziblcr Holonomiealgebra anzugeben. Zum Abschluss betrachten wir den zeitartigen Kegel 
fiber Lorentz-Sasaki Mannigfaltigkeiten. Diese Kegel sind ebenfalls pseudo-Kahlcrschc Mannig- 
faltigkeiten vom Index 2. Wir beschreiben die lokalc DcRham-Wu-Zcrlegung fur den Kegel in 
Abhangigkeit von den Eigenschaften der Kegelbasis und bestimmen die moglichen schwach-irreduziblen 
nicht-irreduziblcn Holonomiealgebren fur solche Kegel. 
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Introduction 



The Levi-Civita connection of a pseudo-Riemannian manifold (M,g) defines the paral- 
lel displacement, i.e. for any piecewise smooth curve 7 : [a, b] C R —* M we have an 
isomorphism r 7 : T^r a \M — > T^n^M preserving the metric g. The holonomy group of a 
pseudo-Riemannian manifold (M, 5) of signature (r, s) at a point i £ M is the Lie sub- 
group of the pseudo-orthogonal Lie group 0(T x M, g x ) ~ 0(r,s) that consists of parallel 
displacements along all piecewise smooth loops at the point x. The corresponding sub- 
algebra of so(T x M, g x ) ~ so(r,s) is called the holonomy algebra of the manifold (M,g) 
at the point x. The holonomy group is an invariant of the Levi-Civita connection of a 
pseudo-Riemannian manifold. In particular, it allows to find all parallel geometric objects 
on the manifold (e.g. tensor fields or distributions, see Theorems ll.l.2| 11.1.40 . Knowing 
the holonomy group of a pseudo-Riemannian manifold we can say whether the manifold is 
flat, orientable, pseudo-Kahlerian, pseudo-Kahlerian and Ricci-flat or locally decompos- 
able (locally a product of pseudo-Riemannian manifolds). The holonomy groups allow 
also to find parallel spinors on pseudo-Riemannian spin manifolds [59l [7J [50] . Using the 
cone constructions, one can find Killing spinors on pseudo-Riemannian spin manifolds 
[10\ [HJ [4"4"1 116j . Similarly, the holonomy algebra gives information about locally defined 
parallel objects and it gives global information if the manifold is simply connected (then 
the holonomy group is connected). The holonomy algebra gives also information about 
the curvature tensor of the manifold. Thus, pseudo-Riemannian manifolds with different 
holonomy groups have different kinds of geometries and to know all possible geometries we 
need a classification of holonomy groups. Note that this problem depends on the topology 
of the manifold and for simplicity we restrict ourself only to connected holonomy groups 
(equivalently, holonomy algebras). 

In Chapter I we give an introduction to the theory of holonomy groups. We provide 
definitions, general facts, examples and ideas of some proofs that illustrate the methods 
of the holonomy. We recall the classifications of the holonomy algebras for Riemannian 
and Lorentzian manifolds. 

The classification of connected holonomy groups of Riemannian manifolds is a classical 
result. First in 1952 A. Borel and A. Lichnerowicz proved that a Riemannian manifold is 
locally a product of Riemannian manifolds with irreducible holonomy groups, see |17j . In 
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1955 M. Berger gave a list of possible connected irreducible holonomy groups of Rieman- 
nian manifolds, see |14| . Later, in 1987 R. Bryant constructed metrics for the exceptional 
groups of this list, see [21]. See also Section fOl 

In the case of pseudo-Riemannian manifolds appears the situation that the holonomy group 
preserves a degenerate vector subspace of the tangent space. In this situation the Borel- 
Lichnerowicz theorem does not work. A subgroup G C SO(p, q) is called weakly-irreducible 
if it does not preserve any non-degenerate proper subspace of M. r ' s . The Wu theorem states 
that a pseudo-Riemannian manifold is locally a product of pseudo-Riemannian manifolds 
with weakly-irreducible holonomy groups, see [60j. This reduces the problem of classifica- 
tion of the holonomy groups of pseudo-Riemannian manifolds to the weakly-irreducible 
case. If a holonomy group is irreducible, then it is weakly-irreducible. In p33 M. Berger 
gave also a list of possible connected irreducible holonomy groups for pseudo-Riemannian 
manifolds. This list was refined and completed by several people, see |23 [ 129 ^ [52] . 

Thus the first problem is to classify weakly- irreducible not irreducible subgroups of SO(p, q). 
This was completely done only for connected groups in the Lorentzian case, i.e. for the sig- 
nature (1, n + 1), in 1993 by L. Berard Bergery and A. Ikemakhen, who divided connected 
weakly-irreducible not irreducible subgroups of SO(l, n+1) into 4 types, see |llj . In [33] a 
more geometric proof of this result was given, see Section [1.31 To each weakly- irreducible 
not irreducible subgroup of G C SO(l, n+1) can be associated a subgroup of SO(n), which 
is called the orthogonal part of G. Just recently T. Leistner showed that the orthogonal 
part of a weakly-irreducible not irreducible holonomy group of a Lorentzian manifold must 
be the holonomy group of a Riemannian manifold, see [471 148[ [4"9]. In [35] metrics for all 
possible connected holonomy groups of Lorentzian manifold were constructed. This com- 
pletes the classification of connected holonomy groups for Lorentzian manifolds. See also 
Section 11.31 In 1998 A. Ikemakhen classified connected weakly-irreducible subgroups of 
SO(2,N) that preserve an isotropic plane and satisfy an additional condition, see |41j . 
There are partial results for signature (n, n), see [12] . 

In this thesis we study connected holonomy groups of pseudo-Kahlerian manifolds of sig- 
nature (2, 2n+2), i.e. holonomy groups contained in U(l, n+ 1) C SO(2,2n + 2). Prom the 
Wu theorem it follows that any such group is a product of irreducible holonomy groups of 
Kahlerian manifolds and of the weakly-irreducible holonomy group of a pseudo-Kahlerian 
manifold of signature (2, 2k + 2). 

First of all, we classify connected holonomy groups of pseudo-Kahlerian manifolds of in- 
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dex 2. 

Let M 2 > 2n + 2 be a 2n + 4-dimensional real vector space endowed with a complex structure 
J and with a J-invariant metric ry of signature (2,2n + 2) (n > 0). In Chapter II 
we classify (up to conjugacy) all connected subgroups of SU(l,n + 1) that act weakly- 
irreducibly and not irreducibly on W 2,2n+2 , that is equivalent to the classification of the 
corresponding subalgebras of su(l,n + 1). Any such subgroup preserves a 2-dimensional 
isotropic J-invariant subspace of M 2,2n+2 . We use a generalization of the method from [33J 
(see Section [L3|) . 

As the first case, we consider all subalgebras of su(l, 1) that preserve a 2-dimensional 
isotropic J-invariant subspace of M. 2,2 and show which of these subalgebras are weakly- 
irreducible. 

Then we consider the case n > 1. We denote by C 1,n+1 the n + 2-dimensional complex 
vector space given by (M. 2,2n+2 , J, rj). Let g be the pseudo-Hermitian metric on C 1,n+1 
of signature (l,n + 1) corresponding to rj. If a subgroup G C U(l,n + 1) acts weakly- 
irreducibly on M? ,2n+2 , then G acts weakly-irreducibly on C 1,n , i.e. does not preserve 
any proper g-non-degenerate complex vector subspace. 

We consider the boundary 9H^ +1 of the complex hyperbolic space H^ +1 and identify 
<9H^, +1 with the 2n + 1-dimensional sphere S 2n+l . We fix a complex isotropic line I C 
j-a.Ti+l anc [ dgnote by U(l,n-\-T)i C J7(l,n + 1) the connected Lie subgroup that preserves 
the line Any connected subgroup G C C/(l,n + l) that acts on C 1,n+1 weakly-irreducibly 
and not irreducibly is conjugated to a subgroup of U(l,n + 1)/. 

We identify the set <9H™ +1 \{/} = S 2n+1 \{point} with the Heisenberg space H n = C n 0M. 
Any element / G U(l,n + 1); induces a transformation r(/) of 7i n , moreover, T(/) E 
Sim"H n , where SimTC n is the group of the Heisenberg similarity transformations of TC n . 
We show that T : U(l,n + 1); — * SimW ra is a surjective Lie group homomorphism with 
the kernel T, where T is the 1-dimensional subgroup generated by the complex structure 
J E U(l,n + In particular, T is the center of U(l,n + 1);. Let SU(l,n + l)i = 
17(1, n + l)in ST/(1, n + 1). Then 17(1, n + l)j = SU(1, n + l)i • T and the restriction 

r lsf/(i,n+i) ; : 517(1, n + 1)/ SimW n 
is a Lie group isomorphism. 

We consider the projection 7r : SimTC n — > SimC n , where SimC n is the group of similarity 
transformations of C n . The homomorphism ir is surjective and its kernel is 1-dimensional. 
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We prove that if a subgroup G C U(l,n+ 1)/ acts weakly-irreducibly on C ,n+ ; then 

(1) the subgroup w(T(G)) C SimC n does not preserve any proper complex affine subspace 
ofC n ; 

(2) if tt(F(G)) C SirnC™ preserves a proper non-complex affine subspace L C C n , then 
the minimal complex affine subspace of C n containing L is C n . 

This is the key statement for our classification. 

Since we are interested in connected Lie groups, it is enough to classify the corresponding 
Lie algebras. The classification is done in the following way: 

• First we describe non-complex vector subspaces L C C n with span c L = C" (it is enough 
to consider only vector subspaces, since we do the classification up to conjugacy). Any 
such non-complex vector subspace has the form L = C m © R n_m , where < m < n. Here 
we have 3 types of subspaces: 1) m = (L is a real form of C n ); 2) < m < n; 3) m = n 
(L = C n ). 

• We describe the Lie algebras f of the connected Lie subgroups F C SimC n preserving 
L. Without loss of generality, we can assume that each Lie group F does not preserve 
any proper affine subspace of L. This means that F acts irreducibly on L. By a theorem 
of D.V. Alekseevsky [H], F acts transitively on L. In our recent paper [33] we divided 
transitive similarity transformation groups of Euclidean spaces into 4 types. Here we 
unify two of the types. The group F is contained in (M + x SO(L) x SO(L ±r1 )) A L, 
where M + is the group of real dilations of C n about the origin and L is the group of all 
translations in C n by vectors of L. In general situation we know only the projection of F 
on SimL = (IR+ x SO(L)) XL, but in our case the projection of F on SO(L) x SO(L ±r >) is 
also contained in U[n) and we know the full information about F. On this step we obtain 
9 types of Lie algebras. 

• Then we describe subalgebras a C LA(SimH n ) with 7r(a) = f. For each f we have 2 
possibilities: o = f + ker-zr or o = {x + C( x )\ x G f}j where £ : f — > ker7r is a linear map. 
Using the isomorphism (r| su ( l ra+1 ) ; ) _1 we obtain a list of subalgebras q C su(l, n + 1);. 
This gives us 12 types of Lie algebras. 

• Finally we check which of the obtained subalgebras of su(l, n + l)i C so(2, 2n + 2) are 
weakly- irreducible. It turns out that some of the types contain Lie algebras that are not 
weakly- irreducible. Giving new definitions to these types we obtain 11 types of weakly- 
irreducible Lie algebras. Unifying some of the types we obtain 7 types of weakly-irreducible 
subalgebras of su(l, n + 1); C so(2, 2n + 2). 
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The result can be stated as follows. 

Let n = 0. The Lie algebra su(l, 1); is 2-dimensional nilpotent, we have su(l, 1); = 
R x E and [(a, 0), (0, c)] = (0, 2ac). There are 2 weakly-irreducible subalgebras of su(l, 1);: 
{(0,c)|c e E} and the whole su(l,l)j. 

Let n > 0. For the Lie algebra su(l,n + 1); we have the Iwasawa decomposition 

su(l, n + 1); = (E © u(n)) x LAH n , 

where LA H ra = C n x E is the Lie algebra of the Lie group 7i n of the Heisenberg translations 
of the Heisenberg space H n - 

Let < m < n be an integer. Consider the decomposition C n = C m © C n ~ m . Let 
f) C u(m) © sol) (n — m) be a subalgebra, here sot) (n — m) = { ( ^ ^ ) | -B € so (n — m) } C 
su(n — m). The Lie algebras of one of the types of weakly-irreducible subalgebras of 
su(l, n + 1)/ C so(2, In + 2) have the form 

gm.M 1 = (R © f,) k ((C m © E n - m ) X E), 

where E n_m C C n ~ m is a real form. The other types of weakly-irreducible subalgebras of 
su(l, n+l)j C so(2, 2n + 2) can be obtained from this one using some twisting and they 
have the following forms: 

where </? : f) — > E is a linear map with (p\y = 0; 

fl n,w,k,i = + ij}{A)\A £ t)} k ((C fe © E n ~ z ) x E), 

where k and / are integers such that < k < I < n, we have the decomposition 
C n = C k © C'- fc © C n ~', f) C u(fc) is a subalgebra with dim 3(f)) > n + / - 2fc and 
■0 : fj — ► C i_fc © iR n ~ l is a surjective linear map with ip\y = 0; 

0"».W,fc,J,r_ + ^(,4)1,4 g h} x ((C fc © E m "' © E r ~ m ) x E), 

where fc, /, r and m are integers such that 0<k<l<m<r<n and m < n, we 
have the decomposition C n = C fc ffiC^ fe ffiC m - i ffiC r - m ffiC Tt " r , f) C u(A;)ffisoc)(r-m) 
is a subalgebra with dim$(t)) > n + m + l — 2k — r and tp : f) — > C l ~ k © E n_r © iE m_z 
is a surjective linear map with = 0; 

0°'^' fc = {A + V(-4)|-4 € f)} x (E fe x E), 

where < k < n, we have the decomposition C n = C k © C n ~ fc , f) C sot) (A:) is a 
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subalgebra such that dim^h) > n — k, ip : f) 

1>W = 0; 



t>n—k : 



is a surjective linear map with 



where f) C soO(n) is a subalgebra with 3(f)) 7^ {0}, £ : rj 
linear map with C\$(ti) 7^ 0; 



C LA 7i n is a non-zero 



O,W,*,C_ + + £t)}K R fc , 

where 1 < A; < n, we have the decomposition C n = C k © C n ~ k , rj C soO(A;) is a 
subalgebra with dim 3(f)) > n — k, ip : f) — ► R n_fc is a surjective linear map with 
7^1^/ = 0, C : f) — > M CZ hATl n is a non-zero linear map with £|f,/ = 0. 

Note that the last two types of weakly-irreducible subalgebras g C su(l, n+l)i C so(2, 2n+ 
2) were not considered by A. Ikemakhen in |41j . 

For each f C LA(Sim'H n ) as above and for each g C su(l,n + 1); with 7r(T(g)) = f we 
consider the Lie algebras g J = g © RJ and g^ = {x + £,(x)\x € g}, where £ : g — > R 
is a non-zero linear map. As we claimed above, any weakly-irreducible subalgebra of 
u(l, n + l)i C so(2, 2n + 2) is of the form g, q j or g£. These subalgebras are candidates for 
the weakly-irreducible subalgebras of u(l, n+ l)i C so(2, 2n + 2). We associate with each of 
these subalgebras an integer < m < n. If m > 0, then the subalgebras of the form g, q j 
and g^ C u(l, n+\)\ are weakly-irreducible. We have inclusions u(m) C u(n) C u(l, n+l)i 
and projection maps pr u ( m ) : u(l,n + 1)/ — ► u(m), pr u ( n ) : u(l,n + 1)/ — > u(n). 

In Chapter III we classify weakly-irreducible Berger subalgebras of u(l,n + 1)/. These 
subalgebras are candidates for the holonomy algebras. Then we show that all these Berger 
algebras are holonomy algebras. 

More precisely, for any subalgebra g C u(l,n + 1)/ consider the space TZ(g) of curvature 
tensors of type g, 



K{$) = {Re Hom(R 2 ' 2n+2 AR 2 ' 2n+2 ,g) 



R(u A v)w + R(v A w)u + R(w A u)v = 
for all it, v, w S R 2 > 2n + 2 



Denote by L(TZ(g)) the vector subspace of g spanned by R(u A v) for all -R G ^-(g). 



u,v £ 



»2,2n+2 



L(^(g)) = span{i?(u A G K(g), u,v £ R 2 ' 2n+2 }. 
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A subalgebra q C u(1, n+l)i is called a Berger algebra if L(1Z(q)) = q. Prom the Ambrose- 
Singer theorem [5] it follows that if q C u(l,n + 1); is the holonomy algebra of a pseudo- 
Kahlerian manifold, then q is a Berger algebra (here we identify the tangent space to the 
manifold at some point with M 2,2n+2 ). 

First we consider all subalgebras of u(l, 1); and show which of these subalgebras are 
weakly- irreducible Berger subalgebras. 

Then we consider the case n > 1. For any integer < m < n and subalgebra u C 
u(m) © soO(m + 1, ...,n) we consider a subalgebra g m > u c u(l,n + 1)/ and describe the 
space TZ(Q m ' u ). The Lie algebras of the form Q m ' u contain all candidates for the weakly- 
irreducible subalgebras of u(l,n + 1);. For any subalgebra q C Q m,u the space TZ(g) can 
be found from the following condition 

R G if and only if R G 7£(fl m ' u ) and R{M. 2 > 2n+2 A M 2 ' 2 "+ 2 ) c 0. 

Using this, we easily find all weakly-irreducible not irreducible Berger subalgebras of 
u(l,n + l),. 

As the last step of the classification, we construct metrics on ]R 2n+4 that realize all Berger 
algebras obtained above as holonomy algebras. The coefficients of the metrics are polyno- 
mial functions, hence the corresponding Levi-Civita connections are analytic and in each 
case the holonomy algebra at the point G R 2n+4 is generated by the operators 

R(X, Y) ,V Zl R(X, Y) , Vz 2 V Zl R(X, Y) , ... 

where X, Y, Z\, Z% v .. are vectors at the point 0. We explicitly compute for each metric 
the components of the curvature tensor and its derivatives. Then using the induction, we 
find the holonomy algebra for each of the metrics. 

Thus we obtain the classification of weakly-irreducible not irreducible holonomy algebras 
contained in u(l,n + 1). The result can be stated as follows. 

Let n = 0. The Lie algebra u(l, 1)/ is a 3-dimensional nilpotent real Lie algebra, we 
have u(l, l)j = C x R and [(a + ifc,0),(0,c)] = (0, 2ac), a, b, c G R. There are three 
weakly-irreducible holonomy algebras contained in u(l, 1)/: 

f)o£ =0 = u(l,l)i, boL^f =M( 7 i + i 72 ) xK (71,72 el), t)0l 2 n=0 = C. 
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Let n > 0. For the Lie algebra u(l,n + 1); we have the Iwasawa decomposition 

u(l, n + l)i = (C © u(n)) x LA H n . 

Consider the following type of weakly-irreducible holonomy algebras contained in u(l,n + 
1)/ Cso(2,2n + 2): 

fjor-"^ 1 ^ = (Re R(i + J„_ ro ) u) x ((C m © R n " m ) x R), 

where < m < n is an integer, we have the decompositions C n = C m ffiC n ~ m , C = RffiiR, 
u C u(m) is a subalgebra, R ra_m C C n ~ m is a real form and J n ~m C u(n — m) C u(n) C 
u(l, n + 1)/ is the complex structure on C n ~ m . 

The other types of weakly-irreducible holonomy algebras contained in u(l,n + 1)/ C 
so(2,2n + 2) can be obtained from this type using some twisting. Let cp,<p : u — ► R 
be linear maps with <^| u / = 0| u / = 0. The other types have the following forms: 

t)or ,u,A 1 ,^ = ( R + J n _ m ) + A\A G u}) x ((C m © M n - m ) x R), 

t)0t m > u ^ A2 = (R(i + J n _ m ) © {y>(A) + A|4 G u}) x ((C m © R n - m ) x R), 

t)0i m,u,X = + A ( ■ + J n _ m )) u ) K (( C m R n-m) K R ^ where _\ g R) 

where A; and / are integers such that < k < I < n, we have the decomposition 
C n = C fc © C l - k © C n ^, u C u(k) is a subalgebra with dim 3(11) > n + I - 2k and 
■0 : u — > C /_fc © iR n ^ is a surjective linear map with ^| u ' =0, 

f)or ,u,v,fc,/,r = { A + ^(^4)1^4 G u } K (( C fc R m-* w- m ) x R), 

where fc, I, r and m are integers such that 0<k<l<m<r<n and m < n, 
we have the decomposition C n = C k © C z ~ fc © C m "' © C r " m © C n ~ r , u C u(fc) is a 
subalgebra with dim 3(11) > n + m + / — 2k — r and ip : u — ► C /_fc © iR m_i © R n_r is 
a surjective linear map with ip\ u i = 0. 

As a corollary, we get the classification of weakly-irreducible not irreducible holonomy 
algebras contained in su(l, n+1) (i.e. of the holonomy algebras of special pseudo-Kahlerian 
manifolds). For n = these algebras are exhausted by {(0, c)|c £ R} and su(l, 1);. For 
n > these algebras are the following: 
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jjopn.M 1 ,* dor^ with 0(A) = -^+2 tr c A; 
( JoI n,M,^,fc,i j ( Jor ,«,^fc,i,»- W ith u C su(fc). 

The above result together with the Wu theorem and the classification of irreducible holon- 
omy algebras of M. Berger gives us the classification of holonomy algebras (or equivalently, 
of connected holonomy groups) for pseudo-Kahlerian manifolds of signature (2, 2n + 2). 

Remark that we do not have any additional condition on the u(m)-projection of a holonomy 
algebra, while in the Lorentzian case an analogous subalgebra f) C so(n) associated to a 
holonomy algebra must be the holonomy algebra of a Riemannian manifold. This shows 
the principal difference between our case and the case of Lorentzian manifolds. 

In Chapter IV we consider some examples and applications. 

In Section 14.11 we give examples of 4-dimensional Lie groups with left-invariant pseudo- 
Kahlerian metrics that have holonomy algebras f)o[^ =0 and f)oC^ ' 72— . 

In [15] M. Berger obtained a classification of simply connected semi-simple pseudo- Riemannian 
symmetric spaces. The holonomy algebra of any such manifold is either irreducible or it 
is weakly-irreducible and it preserves two complementary isotropic subspaces (in the last 
case the manifold has signature (re, n)). In particular, there are three such spaces with 
weakly- irreducible not irreducible holonomy algebras of signature (2,2). In [45] I. Kath 
and M. Olbrich obtained a classification of simply connected pseudo- Riemannian symmet- 
ric spaces of index 2 that are not semi-simple. In particular, the holonomy algebras of these 
spaces are weakly-irreducible and not irreducible. In Section [4.21 we use our classification 
of holonomy algebras to give a new proof for the classification of simply connected pseudo- 
Kahlerian symmetric spaces of index 2 with weakly-irreducible not irreducible holonomy 
algebras. We use the fact that any simply connected pseudo-Kahlerian symmetric spaces 
of index 2 is uniquely defined by a pair (hoi, R), where f)o( C u(l, n + 1) is a holonomy alge- 
bra and R £ 72.(1) of) is a curvature tensor that is annihilated by the natural representation 
of the Lie algebra f)ol in the vector space TZfiol) and such that R(R 2 ' 2n+2 Al 2,2n+2 ) = fjol. 
We find all such pairs and check which of them define isometric simply connected symmet- 
ric spaces. We show that all possible weakly-irreducible not irreducible holonomy algebras 
of locally symmetric pseudo-Kahlerian manifolds of index 2 are exhausted by the following 
Lie algebras: f)o£ =0 , f)0^r o °' 72=0 , 5 [»»=»-i=o.{o},<p=o,*=o and f)or ,{mj m }^=o^=2_ 

Finally in Section T4.3I we consider Lorentzian manifold (M,g) such that the time-like cone 
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(M = M + x M, g = —dr 2 + r 2 g) over (M, 5) is a pseudo-Kahlerian manifold of index 
2. Such Lorentzian manifold is called a Lorentzian Sasaki manifold. 

First we describe the local DeRham-Wu decomposition of the cone in terms of the initial 
Lorentzian Sasaki manifold. We show that if the cone (M~,g~) is locally decomposable, 
then M locally has the form 

((a,b) x JVi x N 2 ,ds 2 + cosh 2 (s)c/i + sinh 2 (s)c/ 2 ), (a, b) C M + , 

where (N\,gi) is a Lorentzian Sasaki manifold and (^2,52) is a Riemannian Sasaki mani- 
fold (i.e. the space-like cone (N^ = M + xiV 2 , <? + = dr 2 +r 2 g2)) over (N 2 ,g2) is a Kahlerian 
manifold) . 

Then we study Lorentzian Sasaki manifold (M, g) such that the holonomy algebra \)ol{M~) 
of its time-like cone (M~,g~) (with a pseudo-Kahlerian structure J) preserves a 2- 
dimensional J-invariant isotropic subspace. We show that in this situation f)ol(M~) an- 
nihilates this subspace, i.e. there exist locally on M~ two isotropic parallel vector fields p\ 
and pi = Jpi . Furthermore, (M, g) locally has the form 

((a, 6) x N,ds 2 + e' 2s g N ), (a,b) cR, 

where (N,g^) is a Lorentzian manifold with a parallel isotropic vector field. There exist 
local coordinates x, y, x, y, x\, x 2n on M~ such that x, y, x±, x 2n are coordinates on 
N and 

g~ = 2dxdy + y 2 gN = 2dxdy + y 2 (2dxdy + 51), 

where g\ is a y -family of Kahlerian metrics on the integral manifolds corresponding to the 
coordinates x\, ...,x 2n . In these coordinates, p\ = d x and p 2 = yd x — ^jd x . 

Moreover, if the local holonomy algebra \]0\{M~) of (M~ , g~) is weakly-irreducible, then 
the holonomy algebra t)ol(N) of {N,g^) is weakly-irreducible and 

1) ift)ol(N) is of type g 2 ' u , u C u(n) (see Section YHh below), then \)ol{M~) is of type 

f, [«,u,V=0,</'=0 

2) if is of type g 4 >«>^, then t}ol(M~) is of type t )0 ( n > u >^> k ' 1 . 
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Chapter I. Holonomy groups of pseudo-Riemannian manifolds 

This chapter contains an introduction to the theory of holonomy groups of pseudo-Riemannian 
manifolds. In Section [Ll] we provide definitions, general facts, examples and ideas of some 
proofs that illustrate the methods of the holonomy. In Section 11.21 we recall the classifica- 
tion of connected holonomy groups for Riemannian manifolds and of connected irreducible 
holonomy groups for pseudo-Riemannian manifolds. In Section [1.31 we explain the classi- 
fication of connected holonomy groups for Lorentzian manifolds. 



1.1 Definitions and facts 

All definitions and statements of this section can be found in |46j or in [13j . We assume 
that all manifolds are connected. 

Definition. A pseudo-Riemannian manifold of signature (r, s) is a differential manifold 
M equipped with a smooth field g of symmetric non- degenerate bilinear forms of signature 
(r, s) at each point. We assume that r is the number of minuses and we call it the index 
of (M,g). If r = 0, then (M,g) is a Riemannian manifold; if r = 1, then (M,g) is a 
Lorentzian manifold. 

On any pseudo-Riemannian manifold (M, g) exists the Levi-Civita connection V which is 
defined by two conditions: g is parallel (S7g = 0) and the torsion is zero (Tor = 0). The 
Levi-Civita connection V is explicitly given by the Koszul formulae 

2g(V x Y,Z)= Xg(Y,Z)+Yg(X,Z)-Zg(X,Y) 

+g([X, Y],Z)+ g([Z, X],Y) + g(X, [Z, Y]), 

where X, Y and Z are vector fields on M. 

It is known that for any smooth curve 7 : [a, b] Cl->M and any vector Xq 6 T^uyM 
there exists a unique vector field X defined along the curve 7 and satisfying the differential 
equation V^^yX = with the initial condition Xy( ) = Xq. Consequently, for any smooth 
curve 7 : [a, b] C R — > M we obtain the isomorphism 77 : T^r a yM — * T^n^M defined 
by 77 : Xq \— > X^y The isomorphism r 7 is called the parallel displacement along the 
curve 7. The parallel displacement can be defined in the obvious way also for piecewise 
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smooth curves. Note that for the curve 7_ : [a, b] — ► M (j-(t) = 7(0 + b — t)) the 
isomorphism r 7 _ : Ty^M — > T y ^M is the inverse to r 7 ; for any piecewise smooth curve 
7' : [6, c] — ► M such that j'(b) = j(b) we have r 7 /* 7 = ry o r 7 , where 7' * 7 is the curve 
given by 7' * = j(t) if a < t < b and 7' * 7(4) = if b < t < c. For the constant 
curve j(t) = x £ M we have r 7 = idx x M- 

Let x e M. We denote by Hol x the set of parallel displacements along all piecewise 
smooth loops at the point x € M. Let Hoi® be the set of parallel displacements along all 
piecewise smooth null-homotopic loops at the point x £ M. From the properties of the 
parallel displacements it follows that Hol x and Hoi® are groups. Obviously, Hoi® C Hol x 
is a subgroup. If the manifold M is simply connected, then Hoi® = Hol x . 

Definition. The group Hol x is called the holonomy group of the manifold (M, g) at the 
point x. The group Hoi® is called the restricted holonomy group of the manifold (M,g) at 
the point x. 

Let 0(T x M,g x ) be the Lie group of isomorphisms of the vector space T X M that preserve 
the form g x and so(T x M, g x ) the corresponding Lie algebra. Since g is parallel, we see 
that Hol x C 0(T x M,g x ). 

Theorem 1.1.1. The group Hol x is a Lie subgroup of the Lie group 0(T x M, g x ). The 
group Hoi® is the connected identity component of the Lie group Hol x . 

By f)ol x we denote the Lie algebra of the Lie group Hol x (and of Hoi®). 

Definition. The Lie subalgebra fyol x C 5o(T x M, g x ) is called the holonomy algebra of the 
manifold (M,g) at the point x. 

Remark that by the holonomy group (resp. holonomy algebra) we understand not just 
the Lie group Hol x (resp. Lie algebra tjo^), but the Lie group Hol x with the rep- 
resentation Hol x <^-> 0(T x M, g x ) (resp. the Lie algebra \)ol x with the representation 
f)o[ so(T x M, g x )). This representation is called the holonomy representation. 

Let 7 be a piecewise smooth curve in M beginning at the point x and ending at a point 
y e M. Then we have Hol y = r 7 o Hol x o r^ 1 , Hoi® = r 7 o Hoi® o t~ 1 and \}ol y = 
r 7 o fjofj. o t~ 1 . This means that the holonomy groups at all points of the manifold are 
isomorphic and we can speak about the holonomy group Hoi of the manifold (M, g) (or 
about the restricted holonomy group Hoi® of (M,g) or about the holonomy algebra fjo[ 
of (M,g)). The holonomy algebra f)o[ and the restricted holonomy group Hoi® uniquely 
define each other. If the manifold M is simply connected, then the holonomy algebra 1)0 ( 
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uniquely defines the holonomy group Hoi. 

Denote by W' s the (r + s) -dimensional pseudo-Euclidean space endowed with a non- 
degenerate symmetric bilinear form r\ of signature (r, s). For a pseudo-Riemannian man- 
ifold (M,g) of signature (r, s) we identify the tangent space (T x M,g x ) at a point x £ M 
with the space W> s . Then the holonomy algebra \jol x can be identified with a subalge- 
bra of the pseudo-orthogonal Lie algebra so(r, s) and the holonomy group Hol x can be 
identified with a Lie subgroup of the pseudo-orthogonal Lie group 0(r, s). We may write 
t)0l x C so(r, s) and Hol x C 0(r, s). As we claimed above, these representations are defined 
up to conjugacy. 

Let A be a tensor field of type (p, q) on the manifold (M, g) . Recall that A is called 
parallel if VA = 0. This is equivalent to the condition that for any piecewise smooth 
curve 7 : [a, b] — > M holds T 7? Ay( a ) = A^), where 




p times ? times 



is the tensorial extension of the isomorphism r 7 : T 7 ( a )M — > T^ryM to the isomorphism 
of the spaces of tensors of type (p, g). A distribution E 1 C TM is called parallel if for any 
vector field X with values in E and any vector field Y on M the vector field VyX is also 
with values in E. This is equivalent to the condition that for any piecewise smooth curve 
7 : [a, b] -> M holds r 7J B 7(a) = ^ 7(5) . 

The importance of the holonomy groups shows the following theorem. 

Theorem 1.1.2. (Fundamental principle 1.) For a pseudo-Riemannian manifold (M,g) 
the following conditions are equivalent: 

1) There exists a parallel tensor field A of type (p,q) on (M,g). 

2) For some x G M there exists a tensor A x of type (p,q) on T X M that is invariant 

under the tensorial extension of the holonomy representation of the holonomy group 
Hol x C 0(T x M,g x ). 

The idea of the proof is the following. For a given parallel tensor field A take the value 
A x at a chosen point x G M. Since A is invariant under the parallel displacements, we 
see that the tensor A x is invariant under the parallel displacements along the loops at the 
point x, i.e. under the tensorial extension of the holonomy representation. Conversely, 
for a given tensor A x define the tensor field A on M such that at any point y 6 M holds 
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A y = T?yqA x , where 7 is any curve beginning at x and ending at y. From the condition 2) 
it follows that A y does not depend on the curve 7. □ 

The local analog of the previous theorem is the following 

Theorem 1.1.3. (Fundamental principle V.) For a pseudo-Riemannian manifold (M,g) 
the following conditions are equivalent: 

1) There exists a parallel tensor field A of type (p, q) on an open neighbourhood of a point 

x G M. 

2) There exists a tensor A x of type (p, q) on T X M that is invariant under the tensorial 

extension of the holonomy representation of the restricted holonomy group Hol° x C 
0(T x M,g x ). 

3) There exists a tensor A x of type (p, q) on T X M that is annihilated by the tensorial ex- 

tension of the holonomy representation of the holonomy algebra fyol x C so(T x M, g x ). 

Analog results hold for distributions. 

Theorem 1.1.4. (Fundamental principle 2.) For a pseudo-Riemannian manifold (M,g) 
the following conditions are equivalent: 

1) There exists a parallel distribution E of rang p on (M,g). 

2) For some x £ M there exists a vector subspace E x C T X M of dimension p that is in- 

variant under the tensorial extension of the holonomy representation of the holonomy 
group Hol x C 0(T x M,g x ). 

Theorem 1.1.5. (Fundamental principle 2\) For a pseudo-Riemannian manifold (M,g) 
the following conditions are equivalent: 

1) There exists a parallel distribution E of rang p on an open neighbourhood of a point 

x <= M. 

2) There exists a vector subspace E x C T X M of dimension p that is invariant under the 

tensorial extension of the holonomy representation of the restricted holonomy group 
Roll C 0(T x M,g x ). 

3) There exists a vector subspace E x C T X M of dimension p that is invariant under 

to the tensorial extension of the holonomy representation of the holonomy algebra 
t)0l x cO(T x M,g x ). 
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Note that parallel distributions are involutive. Indeed, since the torsion of the Levi-Civita 
connection is zero, for any vector fields X and Y with values in a parallel distribution E 
we have [X, Y] = V X Y - Vyl G E. 

Thus if we know the holonomy group of a pseudo-Riemannian manifold, then the geometric 
problem to find parallel tensor fields or parallel distributions on the manifold can be 
reduced to the algebraic problem to find invariant subspaces for some representations of 
the holonomy group. 

Consider several examples of using of the above theorems. 

Example 1.1.1. A pseudo-Riemannian manifold (M,g) of signature (r,s) is orientable 
if and only if Hoi C SO(r, s). 

Proof. Recall that the manifold M is orientable if and only if there exists a nowhere 
vanishing differential form of degree n = dimM on M. Furthermore, SO(r,s) = {A £ 
0(r,s)|det A = 1}. Let x £ M. Suppose that Hol x C SO(T x M, g x ). Let ei,...,e n be 
a basis of the vector space T X M. Consider the differential form w x = e\ A • • • A e* . For 
A £ SO(T x M, g x ) we have A-w x = (Aei)* A- ■ -A(Ae n )* = (det A)w x = w x . From Theorem 
11.1.21 it follows that w x defines a parallel nowhere vanishing n-form w on M. Conversely, 
suppose that M is orientable, then there exists a nowhere vanishing differential n-form w 
on M. Consider the differential form w = fw, where / is a function on M. The condition 
VtD = is equivalent to the condition {Xf)w + fVxw = for all X £ TM. Since 
w is nowhere vanishing, we have Xf = —f ^* w ■ This system of differential equations 
has a unique global solution satisfying f{x) = 1. From Theorem 11.1.21 it follows that 
the group Hol x preserves the form w x . Thus for any A £ Hol x we have det A = 1, i.e. 
Hol x C SO{T x M,g x ). □ 

Recall that a pseudo-Riemannian manifold is called flat if it admits parallel local fields of 
frames. From Theorem 1 1 . 1 . '6 1 we obtain 

Example 1.1.2. A pseudo-Riemannian manifold (M,g) is flat if and only ifHol = {id}. 

A pseudo-Riemannian manifold (M, g) is called pseudo-Kahlerian if there exists a parallel 
smooth field of endomorphisms J of the tangent bundle of M that satisfies J 2 = — id and 
g( JX, Y) + g(X, JY) = for all vector fields X and Y on M. 

Example 1.1.3. A pseudo-Riemannian manifold (M,g) of signature (2r, 2s) is pseudo- 
Kahlerian if and only if Hoi C U (r, s) . 
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Proof. The inclusion Hol x C U(r, s) is equivalent to the existence of an endomorphism J x 
of the vector space T X M that satisfies J x = — id^Af and g x (J x X, Y) + g(X, J X Y) = for 
all X,Y £ T X M. Now the statement follows from Theorem 11.1.21 □ 

A pseudo-Riemannian manifold (M, g) is called special pseudo-Kdhlerian if it is pseudo- 
Kahlerian and Ricci-flat. The following statement is well known. 

Example 1.1.4. A pseudo-Kdhlerian manifold (M, g) of signature (2r, 2s) is special pseudo- 
Kdhlerian if and only if rjol C su(r, s). 

Let (M,g) be a pseudo-Riemannian manifold. The curvature tensor R of (M,g) has the 
following properties: 

a) R is a tensor field of type (1, 3), i.e. for any vector fields X, Y and Z on M, R(X, Y)Z 

is a vector field; 

b) R is skew-symmetric with respect to the first two variables, i.e. R(X,Y) = —R(Y,X); 

c) R(X, Y)Z + R(Y, Z)X + R(Z, X)Y = (the Bianchi identity). 

The next theorem gives relation between the holonomy algebra and the curvature tensor 
of the manifold. It was proved by W. Ambrose and I. M. Singer in 1953 in [5]. 

Theorem 1.1.6. Let (M,g) be a pseudo-Riemannian manifold andx E M . The holonomy 
algebra §o\ x is spanned by the following endomorphisms 

t' 1 o R(r 7 U, t^V) o r 7 : T X M T X M, 

where U,V £ T X M and 7 is a piecewise smooth curve beginning at the point x. 

Using Example 11.1.21 and Theorem 11.1.61 we obtain 

Example 1.1.5. A pseudo-Riemannian manifold (M,g) is flat if and only if R = 0. 

Definition. Let q C so(r, s) be a subalgebra. The space of curvature tensors 1Z(q) of type 
g is defined as follows 



K{q) = { R £ Hom(M r ' s AM r ' s , 



R(u A v)w + R(v A w)u + R(w A u)v = 
for all u,v,w € M. r ' s 



Denote by L(lZ(g)) the vector subspace of g spanned by the elements R(u A v) for all 
R G lZ(g) and u,v £ W' s . 
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Let g C so (r, s). It is known that any R G TZ(g) satisfies 

r)(R(u A v )z, w) = rj(R(z A w)u, v) (2) 

for all u, v,z,w G R r,s . 

The next proposition follows from Theorem 1 1.1. 61 

Proposition 1.1.1. If a subalgebra g C so(r,s) is the holonomy algebra of a pseudo- 
Riemannian manifold, then L (11(g)) = g. 

Definition. A subalgebra g C so(r,s) is called a Berger algebra if L(1Z(g)) = q. 

The condition L(1Z(g)) = Q is quite strong and by Proposition ll.l.lj the Berger algebras 
can be considered as candidates for the holonomy algebras. We use the notion of Berger 
algebras, as such irreducible subalgebras of so(n) were classified by M. Berger (see Theorem 
OH below). 

Theorem 11.1.61 in general does not allow to find the holonomy algebra, since it involves all 
parallel displacements. The following theorem can be used to find the holonomy algebra 
of an analytic pseudo-Riemannian manifold. 

Theorem 1.1.7. If a pseudo-Riemannian manifold (M,g) is analytic, then the holonomy 
algebra t)o{ x is generated by the following operators 

R(X, Y) x , V Zl R(X, Y) x ,V Z2 V Zl R(X, Y) x , ... G so(T x M, g x ), 

where X, Y, Z x , Z 2 , ... G T X M . 

We say that a subspace U C W' s is non-degenerate if the restriction of the pseudo- 
Euclidean metric rj to U is non-degenerate. 

Definition. A Lie subgroup G C 0(r,s) (or a subalgebra q C So(r, s)) is called ir- 
reducible if it does not preserve any proper vector subspace ofW ,s ; G (or g) is called 
weakly-irreducible if it does not preserve any proper non- degenerate vector subspace of 
W' s . 

It is clear that g C so (r,s) is irreducible (resp. weakly-irreducible) if and only if the cor- 
responding connected Lie subgroup G C SO(r, s) is irreducible (resp. weakly-irreducible). 
If a subgroup G C 0(r, s) is irreducible, then it is weakly-irreducible. The converse holds 
only for positively and negatively definite metrics rj. 
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Let (M, g) and (N,h) be pseudo-Riemannian manifolds. Let x £ M, y 6 N and G x , 
H y be the corresponding holonomy groups. The product M x N is a pseudo-Riemannian 
manifold with the metric g + h. Denote by Fr x y \ the holonomy group of the manifold 
M x N at the point (x,y). 

Theorem 1.1.8. We have Fr X) y\ = G x x 

Definition. ^4 pseudo-Riemannian manifold is called locally indecomposable if its re- 
stricted holonomy group is weakly-irreducible. 

Theorem 11.1.81 has the following inversion. 

Theorem 1.1.9. Let (M,g) be a pseudo-Riemannian manifold and x 6 M. Then there 
exists a decomposition of T X M into an orthogonal direct sum of non- degenerate vector 
subspaces 

T X M = E ®E l @---®E t 

such that Hol x acts trivially on Eq, Hol x (Ej) C E^ (i = l,...,t), Hol x acts weakly- 
irreducibly on Ei (i = 1, ...,t) and 

Roll = { id } X Hi X • • • X H t , 
where Hi = Hol x \ Ei C SO{Ei) (i = 1, ...,t). 

Furthermore, if (M, g) is simply connected and complete, then exist a flat pseudo-Riemannian 
submanifold Nq C M and locally indecomposable pseudo-Riemannian submanifolds N%, Nt C 
M such that T x Ni = Ei (i = 0, ...,t) and (M,g) is isometric to the product 

(N X N% X ••• x N t ,g\ No +g\ Nl H h p|iV*)- 

In general, such isometry of (M, g) exists locally. 

The local version of Theorem 11.1.91 for Riemannian manifolds was proved in 1952 by 
A. Borel and A. Lichnerowicz in [T7]. The global version for Riemannian manifolds was 
proved in the same year by G. DeRham in [30J. For pseudo-Riemannian manifolds Theorem 
11.1.91 was proved by H. Wu in 1967 in [60] . 

The following proposition is important for us. 

Proposition 1.1.2. The Lie algebras of the Lie groups Hi from Theorem \ 1.1. 91 are Berger 
algebras. 
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We explain shortly the ideas of the proofs of the local part of Theorem 11.1.91 and of 
proposition 11.1.21 Suppose that Hol x preserves a non-degenerate proper vector subspace 
E x C T X M. The vector subspace E x C T X M is also non-degenerate and preserved. We 
obtain the orthogonal direct sum T X M = E x © E x of f/o/^-invariant vector subspaces. 
From Theorem ll.l.5l it follows that in a neighbourhood of the point x exist parallel distri- 
butions E and E ± . As it was remarked, these distributions are involutive. Let M\ and M 2 
be the corresponding maximal connected integral submanifolds of M through the point x. 
Since the distributions E and E 1 - are parallel, the submanifolds M\ and M 2 are totally 
geodesic. Let V C T X M be an open neighbourhood of the point such that the restriction 
of the exponential map to V is a diffeomorphism, then exp(U) = ex.p(E nV) x (E 1 - n V), 
where exp(£' n V) C M\ and exp(£'- L n V) C M 2 are open submanifolds. 

Consider now the subalgebras 0i = {£ G fyol x \£(E - 1 ) = {0}} C i)ol x and 02 = {£ G 
t)0l x \£(E) = {0}} C fyol x . Obviously Q\ and 02 are ideals and 0i H 02 = {0}. Let R G 
ft(f)0[J, Xi,X 2 ,X 3 G E x andyi,y 2 G Since i?(Xi A X 2 )Yi + 7?(A 2 A li)Xi + i?(Yi A 
X\)X 2 = 0, we have R{X\ A A^li = 0, i.e. R(X\ A A2) G 0i. Similarly we can show 
that R{Y 1 A Y 2 ) G g 2 . Using ©, we get A n)^, X 3 ) = g(R{X 2 A X 3 )X!, Yi) = 0. 

Therefore, R{X X f\Y x ) = 0. Hence, R(E f\E L ) = 0, R(EAE) C 01 and R(E ± AE ± ) C 2 . 
Clearly, iZ^A^ S ^(01) and R\ e ±ae^ e ^(02)- All this yields that H{t)o[ x ) = U(qi) © 
71(02)- Hence, l)ol x = L{lZ{\]o{ x )) = L{TZ{%i)) © L{TZ{q 2 )) C 0i © 2 - Since 0i © 2 C f)o[ x , 
we have \)o\ x = 0i © 2 , L(fc(0i)) = 01 and L(TZ(q 2 )) = 02- □ 

All the above shows that to get a classification of connected holonomy groups (equivalently 
of holonomy algebra) for pseudo-Riemannian manifolds of signature (r, s) one must solve 
the following problems 

Problem 1) classify weakly-irreducible subalgebras C so(r, s); 

Problem 2) check which Lie algebras of Problem 1) are Berger algebras; 

Problem 3) find a pseudo-Riemannian manifold with the holonomy algebra for each 
weakly-irreducible Berger algebra C so(r, s). 

In the next two sections we will recall the solution of these problems for Riemannian and 
Lorentzian manifolds. 
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1.2 Connected holonomy groups of Riemannian manifolds and connected 
irreducible holonomy groups of pseudo-Riemannian manifolds 

Consider now Riemannian manifolds. Weakly-irreducible subalgebras q C so(n) are irre- 
ducible and Problem 1) is equivalent to the problem of classification of irreducible repre- 
sentations of compact Lie algebras, this problem was solved by E. Cartan in [244 125]. 

Recall that for any locally symmetric Riemannian manifold there exists a simply connected 
Riemannian symmetric space with the same restricted holonomy group (see Section 021 for 
definitions). Simply connected Riemannian symmetric spaces were classified by E. Cartan 
((2ZIII31ES]). If the holonomy group of such space is irreducible, then it coincides with the 
isotropy representation. Thus connected irreducible holonomy groups of locally symmetric 
Riemannian spaces are known. 

In 1955 M. Berger obtained a list of possible connected irreducible holonomy groups of 
Riemannian manifolds, [14] . 

Theorem 1.2.1. Let G C SO(n) be a connected irreducible Lie subgroup such that its Lie 
algebra q C so(ra) satisfies L(1Z(q)) = q, then either G is the holonomy group of a locally 
symmetric Riemannian manifold, or G is one of the following groups: 
SO(n); 

U{m), SU{m), n = 2m; 
Sp(m), Sp(m) • Sp(l), n = 4m; 
Spin(7), n = 8; 
G 2 , n = 7. 

The initial list of M. Berger contained also the Lie group Spin(9) C 50(16). In pQ 
D. V. Alekseevsky showed that Riemannian manifolds with the holonomy group Spin{9) 
are locally symmetric. The list of Theorem 1 1 . 2 . 1 1 coincides with the list of connected Lie 
groups G C SO(n) acting transitively on the sphere S'™ -1 C W 1 (if we exclude from the 
last list the Lie groups Spin(9) and Sp(m) ■ T, where T is the circle). Using this, in 1962 
J. Simons gave in [53] a geometric proof of Theorem II. 2. 11 

To prove Theorem 11.2.1] M. Berger used the classification of irreducible representations 
of compact Lie algebras. Each such representation can be obtained using tensor products 
of the fundamental representations. Berger showed that most of these representations 
can not appear as holonomy representations: if the representation contains more then 
one tensorial factor, then H(g) = {0}. Using complicated computations, Berger showed 
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that for the fundamental representations that are not in Theorem 11.2.11 from the Bianchi 
identity it follows VR = or R = 0. 

Thus Problem 2) for Riemannian manifolds is solved. 

Examples of Riemannian manifolds with the holonomy groups ?/(§), SU(Q), Sp(j) and 
Sp(j) ■ Sp(l) were constructed by E. Calabi, S. T. Yau and D. V. Alekseevsky. In 1987 in 
|21j R. Bryant constructed examples of Riemannian manifolds with the holonomy groups 
Spin{7) and G*2. Many constructions are given in the book of D. Joyce [32]. This finishes 
the classification of connected holonomy groups of Riemannian manifolds. 

Consider some special geometric structures on Riemannian manifolds with the holonomy 
groups from Theorem 11.2.11 

SO(n): This is the holonomy group of Riemannian manifolds of "general position" . There 
are no geometric structures induced by the holonomy group on such manifolds. 

U{m) (n = 2m): Riemannian manifolds with this holonomy group are Kahlerian, they 
admit parallel Hermitian structures (Example II. 1 .3|> . 

SU(m) (n = 2m): Riemannian manifolds with this holonomy group are called special 
Kahlerian or Calabi- Yau manifolds, they are Kahlerian and Ricci-flat (Example 

eud. 

Sp(m) (n = Am): Riemannian manifolds with this holonomy group are called hyper- 
Kahlerian, they are Ricci-flat, each such manifold admits a parallel quaternionic 
structure, i.e. parallel Hermitian structures /, J and K such that I, J = — J I = K. 

Sp(m) ■ Sp(l) (n = 4m): Riemannian manifolds with this holonomy group are called 
quaternionic-Kahlerian, each such manifold admits a parallel subbundle of the bun- 
dle of the endomorphisms of the tangent spaces that locally is generated by a quater- 
nionic structure. 

Spin{7) (n = 8), G2 (n = 7): Riemannian manifolds with these holonomy groups are 
Ricci-flat. On a manifold with the holonomy group Spin(7) exists a parallel 4-form, 
on a manifold with the holonomy group G2 exists a parallel 3-form. 

The next theorem gives a classification of possible connected irreducible holonomy groups 
of pseudo-Riemannian manifolds. The first version of this theorem was obtained by 
M. Berger in 1955 in [14j . Later, the initial list of M. Berger was refined and completed 
by R. Bryant, Q.-S. Chi, S. Merkulov and L. Schwachhofer, see (23j [291 [52] . 
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Theorem 1.2.2. Let G C SO(r,s) is a connected irreducible Lie subgroup such that its 
Lie algebra g C so(r,s) satisfies L(TZ(g)) = Q, then either G is the holonomy group of a 
locally symmetric pseudo-Riemannian manifold, or G is one of the following groups: 
SO(r,s); 

U(p,q), SU(p,q), r = 2p,s = 2q; 

Sp{p, q), Sp{p, q) ■ Sp(l), r = Ap, s = 4q; 

SO(r,C), s = r; 

Sp(p) ■ SL(2,R), r = s = 2p; 

Sp{p, C) • SL(2, C),r = s = Ap; 

Spin(7), r = 0, s = 8; 

Spin(4, 3), r = s = 4; 

Spin(7) c , r = s = 8; 

G 2 , r = 0, s = 7; 

^2(2)' r = 4 > S = 3 '' 

G%, r = s = 7. 

In 1957 in [T3] M. Berger got a classification of simply connected pseudo-Riemannian 
symmetric spaces with irreducible holonomy groups, thus the holonomy groups of these 
spaces are known. 

Thus in the pseudo-Riemannian case we are left with the problem of classification of 
connected weakly-irreducible not irreducible holonomy groups. 



1.3 Connected holonomy groups of Lorentzian manifolds 

In this section we explain the classification of the holonomy algebras of Lorentzian mani- 
folds. We assume that the dimensions of the Lorentzian manifolds are n + 2, where n > 0. 
From Berger's classification of irreducible holonomy algebras of pseudo-Riemannian man- 
ifolds it follows that the only irreducible holonomy algebra of Lorentzian manifolds is 
so(l,n + 1), see [31J and [20J for direct proofs of this fact. 

Consider weakly-irreducible not irreducible holonomy algebras. First set some notation. 

Let (R 1 ' n+1 ,r/) be the Minkowski space of dimension n + 2, where r\ is a metric on M n+ 
of signature (1, n + 1). We fix a basis p, e\, e n , q of M 1 '™" 1 " 1 such that the Gram matrix 
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001 

of 77 has the form [ E n | , where E n is the n-dimensional identity matrix. We will 
1 

denote by E = R n C ]R 1,n+1 the Euclidean subspace spanned by the vectors e%, e n . 

Denote by so(l,n + 1)r p the subalgebra of so(l,n + 1) that preserves the isotropic line 
Rp. The Lie algebra so(l,ra + 1)r p can be identified with the following matrix algebra 



soil, n + 1) 



a X f 
A -X 
-a 



a G R, X G R n , A G so(n) 



We identify the above matrix with the triple (a, A, X). Define the following subalgebras 
of so(l,n + l) Rp : 

A = {(a, 0, 0)|a G R}, K = {(0,A, 0)\A G so(n)}, N = {(0, 0, X)\X G W 1 }. 
We see that ^4 commutes with /C, and is a commutative ideal. We also see that 

[(a, A, 0), (0, 0, X)} = (0, 0, aX + AX). 
We obtain the decomposition 

so(l, n + l) Rp = /C) x M = (R so(n)) x M n . 



If a weakly-irreducible subalgebra g C 5o(l,n + 1) preserves a degenerate proper subspace 
U C M 1,n+1 , then it preserves the isotropic line U D f/ -1 ", and g is conjugated to a weakly- 
irreducible subalgebra of soil, n + 1)r p . 

Let f) C so(ra) be a subalgebra. Recall that f) is a compact Lie algebra and we have the 
decomposition fj = fj' © 3(f)), where f/ is the commutant of f) and 3(f)) is the center of f), 
see for example [57] , 

The first step towards the classification of weakly-irreducible not irreducible holonomy 
algebras of Lorentzian manifolds was done by L. Berard Bergery and A. Ikemakhen who 
proved in 1993 in [11] the following theorem. 

Theorem 1.3.1. A subalgebra q C so(l,n + 1)r p is weakly-irreducible if and only if q 
belongs to one of the following types 



type 1. g 1 - 1 ) = (R © h) x R n 
so(n) is a subalgebra; 



a x f 
A -x 
-a 



a G R, A G fj, X G R n > , where f) C 
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type 2. g 2 '" = t) 




A G fj, X G 



type 3. 5 



{(^(A),A,o)|A e^Ki" 




where f) C so(n) is a subalgebra with 3(f)) 7^ {0}, and if : f) 
map with <p\y = 0; 



is a non-zero linear 



type 4. g 4 >fc"^ 

'(ox 1 ij]{Af 

OA 



I V 



{(0, A,X + ip(A))\A R m } 









/ 



A G fj, X G 



, where < m < n is an integer, 
R n ~ m is a surjective 



I) C so(to) is a subalgebra with dim3(f)) > n — m, and ip : f) — ► R n 
linear map with = 0. 

Definition. T/ie subalgebra f) C so(n) associated to a weakly-irreducible subalgebra q C 
so(l,n + 1)k p Theorem \1. 3. 1\ is called the orthogonal part of q. 

The proof of Theorem 11.3.11 given by L. Berard Bergery and A. Ikemakhen was purely 
algebraic. We describe now another more geometric proof of this theorem from [33J , 
since in Chapter II we will generalize this idea in order to classify weakly-irreducible not 
irreducible subalgebras of su(l, n + 1) C so(2, 2n + 2). 

Let (E, 77) be an Euclidean space. A map / : E — > E is called a similarity transformation 
of E if there exists a A > such that — /(a^2)|| = A||xi — a;2|| for all x\,X2 G E, 

where \\x\\ 2 = rj(x,x). If A = 1, then / is called an isometry. Denote by SimE 1 and IsomE 
the groups of all similarity transformations and isometries of E, respectively. A subgroup 
G C SimE 1 is called irreducible if it preserves no proper affine subspace of E. 

Let p,e\, ...,e n ,q be a basis of the vector space R 1,n+1 as above. Consider the basis 
eo,ei, e n , e n+ i of R 1 ' n + 1 , where eo = ^{p — q) and e n+ \ = ^(p + q). With respect 



-1 
E n+1 



where E n+ \ is the n + 1- 



to this basis the Gram matrix of tj has the form 
dimensional identity matrix. 

The vector model of the n + 1-dimensional hyperbolic space is defined in the following way: 

H n+1 = {x£ E}> n+1 \ 7](x,x) = -1, x > 0}, 

where xq is the first coordinate with respect to the basis eo, e n +i. Recall that H n+l is 
an n + 1-dimensional Riemannian submanifold of R 1 > ri + 1 . The tangent space at a point 
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x G H n+1 is identified with the vector subspace (x)- Lr > C M 1,n+1 and the restriction of the 
form r\ to this subspace is positively definite. 

Let 0'(l,n + 1) C 0(1, n + 1) be the subgroup preserving the space H n+l . Then for any 
/ G 0'(l,n + 1), the restriction /|#n+i is an isometry of H n+1 and any isometry of H n+1 
can be obtained in this way. Hence we have the isomorphism 

0'(l,n + 1) ~ lsomH n+1 , 

where Isomii~ n+1 is the group of all isometries of H n+1 . 
Consider the light-cone of M 1 ' n+1 , 

C = {z€R 1>n+1 | rj(x,x) = 0}. 

The subset of the n + 1-dimensional projective space PR 1 '"" 1 " 1 that consists of all isotropic 
lines I C C is called the boundary of the hyperbolic space H n+1 and is denoted by dH n+1 . 

We identify dH n+1 with the n-dimensional unit sphere S n in the following way. Consider 
the vector subspace E\ = E®M.e n+ \. Each isotropic line intersects the hyperplane cq + E\ 
at a unique point. The intersection (eo + E\) n C is the set 

{x G M}' n+l \x Q = 1, xj + • • • + x 2 n+1 = 1}, 

which is the n-dimensional sphere S n . This gives us the identification dH n+1 ~ S n . 

Denote by ConfS'™ the group of all conformal transformations of S n . Any transformation 
/ € SO(l,n + 1) takes isotropic lines to isotropic lines. Moreover, under the above 
identification, we have /|affn+i G ConfdH n+1 and any transformation from ConidH n+1 
can be obtained in this way. Hence we have the isomorphism 

SO(l,n + l) ~ ConfdH n+1 . 

Denote by SO(l,n + l)^ p the subgroup of 50(l,n + l) that preserves the isotropic line Mp. 
Suppose that / G 50(l,n + 1)r p . The corresponding element / G ConfS*™ preserves the 
point po = H (eo + E\). Clearly, pq = y/2p. Denote by sq the stereographic projection 
so : ^"ViPo} ~^ eo + E. Since / G ConfS 1 ™, we see that the element T(f) defined by 
r(/) = so / Sq 1 : E — > E (here we identify eo + E with E) is a similarity transformation 
of the Euclidean space E. Conversely, any similarity transformation of E can be obtained 
in this way. Thus we have the isomorphism 



r : 50(1, n+ l)Kp -» SimE. 
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Then we prove that a connected subgroup G C SO(V)j& p acts weakly-irreducibly on ]R 1,n+1 
if and only ifT{G) C SimE" acts transitively on the Euclidean space E. Prom this and 
Theorem 12 . 2 . 1 1 b elow we obtain 

Theorem 1.3.2. Let G be a connected subgroup of SO(l,n + 1)r p . Then G acts weakly- 
irreducibly on R 1,n+1 if and only if acts transitively on the Euclidean space E = 



Using results of [2] and [3] , we divide transitively acting connected subgroups of Sim E into 
4 types (see Theorem 12.2.21 below) and show that the Lie algebras of the corresponding 
subgroups of SO(l,n + l)iRp have the same types introduced by L. Berard Bergery and 
A. Ikemakhen. This finishes the proof of Theorem ll.3.1l □ 

In order to get a classification of weakly-irreducible Berger subalgebras of so(l,n + 1)jr p , 
in [32] we study the spaces 1Z(q) for the Lie algebras of Theorem 11.3.11 in terms of their 
orthogonal parts f) C so (re). 

Definition. The vector space 



is called the space of weak-curvature tensors of type f). A subalgebra f) C so (re) is called a 
weak-Berger algebra if L(7 3 (h)) = f), where 



is the vector subspace of f) spanned by P(u) for all P E 'P(f)) and u E M. n . 
In [32] we proved the following theorem. 

Theorem 1.3.3. A weakly-irreducible subalgebra q C so(l,n + 1)r p is a Berger algebra if 
and only if its orthogonal part fj C so(n) is a weak-Berger algebra. 

Thus we need a classification of weak-Berger algebras. In [47^ |4"H1 H9l [50] T. Leistner 
proved the following theorem. 



dH n+1 \{Rp}. 




rj(P(u)v, w) + r](P(v)w, u) + n(P(w)u, v) = 
for all u,v,w G W 1 



L(V(t))) = span{P(«)|P G P(h), u G R n } 



Theorem 1.3.4. A subalgebra rj C so(n) is a weak-Berger algebra if and only if t) is a 
Berger algebra. 
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First note that any weak-Berger algebra is a direct sum of irreducible weak-Berger algebras. 
To prove Theorem 11.3.41 T. Leistner used the classification of irreducible representations 
of compact Lie algebras and complicated computations. Recall that from the classification 
of Riemannian holonomy algebras it follows that a subalgebra f) C so(n) is a Berger algebra 
if and only if f) is the holonomy algebra of a Riemannian manifold. 

Thus a subalgebra q C so(l,n + 1) is a weakly-irreducible not irreducible Berger algebra if 
and only if q is conjugated to one of the subalgebras Q 1,t} , Q 2 '^ , Q 3,i),v , Q 4 '^'" 1 '^ C so(l, n+l)^ p , 
where f) C so(n) is the holonomy algebra of a Riemannian manifold. 

The last step to complete the classification of Lorentzian holonomy algebras is to realize 
all weakly-irreducible Berger subalgebra of so(l,ra + l)m. P as the holonomy algebras of 
Lorentzian manifolds. This was completely done in [35]. First consider two examples. 

Example [llj. In 1993 L. Berard Bergery and A. Ikemakhen realized the weakly- 
irreducible Berger subalgebra of so(l,ra + 1)r p of type 1 and 2 as the holonomy algebras 
of Lorentzian manifolds. They constructed the following metrics. Let f} C so(n) be the 
holonomy algebra of a Riemannian manifold. Let X X • • • > X <j X n+ be the standard coor- 
dinates on M n+2 , h be a metric on W 1 with the holonomy algebra f), and f(x, x n+1 ) be 
a function with Jp- ^ 0,..., 7^ 0. If 7^ 0, then the holonomy algebra of the metric 

g = 2dx°dx n+1 + h + f- {dx n+l f 

is g 1,f) . If = 0, then the holonomy algebra of the metric g is Q 2,tj . 

The idea of the general constructions came from the following example of A. Ikemakhen. 

Example |40j. Let 6 be the standard coordinates on M. 7 . Consider the 

following metric 

5 5 

g = 2dx°dx 6 + ^{dx 1 ) 2 + 2 Y1 ui<ixidx& > 
i=i i=l 

where 

u l = _( x 3)2 _ 4(x 4 )2 _ ( x 5 )2) u 2 = n 4 = Q) 

u 3 = -2 v / 3x 2 x 3 - 2xV, u 5 = 2V3x 2 x 5 + 2x 3 x 4 . 

The holonomy algebra of this metric at the point is g 2 '^( B0 ( 3 )) c so(l,6), where p : 
so (3) — > so (5) is the representation given by the highest irreducible component of the 
representation ® 2 id : so(3) — ► ® 2 so(3). The image p(so(3)) C so(5) is spanned by the 
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matrices 

/O O -10 \ /0 -4 \ /O -1 

/ v^O \ „ / ooo o o \ . / -v^ 

^1 = 1 -V3 , A 2 = -2 , Ag = -1 -1 

-1 V4 / I 1 

\0 010/ X00200/ \l V3 1 

Wehavepr so(n) (r ^) Q ) = A 1} pr so(n) (j? ^) Q ) = A 2 , pr so(n) (i2(^r,^r) 
A 3 and pr so(n) (i? (gfr, ^) Q ) = pr so(n) (i? (^, ^) Q ) = 0. 

Note the following. Let P G Hom(R n ,rj) be a linear map denned by: P{e\) = P(fi2) = 
0, P(e 3 ) = Ax, F(e 4 ) = A 2 and P(e B ) = A3. Then P G V(l)), P(R n ) = fj and 
pr so(n) (i? , ^) ) = P(e t ) for all 1 < i < 5. 

Now we explain the general construction. Let f) C so(n) be the holonomy algebra of a 
Riemannian manifold. Theorem 1 1 . 1 . 9 1 states that we have an orthogonal decomposition 

K^re-ef'e R na+1 (3) 

and the corresponding decomposition of f) into the direct sum of ideals 

fj = fh © • • • © t) s © {0} (4) 

such that f) annihilates M ns + 1 , f)j(IR n j) = for i ^ j, and rjj C 50 (rij) is an irreducible 
subalgebra for 1 < i < s. Moreover, the Lie algebras f)j are the holonomy algebras of 
Riemannian manifolds. In [32] it was proved that 

pft) = V{\)x) © • • • © V%). (5) 

We choose the basis e%, e n of M n compatible with the above decomposition of R n . 

Let no = n% + • • • + n s = n — n s+ \. Obviously, rj C so (no) and f) does not annihilate 
any proper subspace of W 10 . Note that in the case of the Lie algebra g 4 ^^ m ^ we have 

< no < m. 

We will always assume that the indices b, c, d, f run from to n + 1, the indices k, I 
run from 1 to n, the indices i,j, k, I run from 1 to no, the indices i,j, k, I run from no + 1 
to n, and the indices a, (3, 7 run from 1 to N . In case of the Lie algebra q 4 ^'" 1 ^ we will 
also assume that the indices i,j,k,l run from no + 1 to m and the indices i,j,k,l run from 
m + 1 to n. We will use the Einstein rule for sums. 

Let (P a )a=i be linearly independent elements of V(t)) such that the subset < 

01 < N, u G W 10 } C rj generates the Lie algebra f). For example, it can be any basis of 
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the vector space 'P(h). We have P a |R™s+i = and P a can be considered as linear maps 

a *„ such that PJe,)e-. = P\, 

aji ^ J aji 



P a : W n ° -the so(nn). For each P a define the numbers P k -~ such that P a (e~)e-- = P k --ef. 

v ' ajt ^ 3 aji K 

Since P a G 'P(h), we have 



P* = -P\, and P k ,, + P* t , + . = 0. (6) 

aki aji aji akj aik v ' 



Define the following numbers 



Then 



From (El) it follows that 



a k ,, = ; rr ( P\, + P k ,, ). (7) 

aji 3 • (a — 1)! V a 3 l a W 



a k ,, = a k ,,. (8) 



P k ,~. = (a-l)\[a k ,,-a ] ~A and a k ,, + a\, + a J = 0. (9) 

aji v ' \ aji a ki J aji akj aik y ' 

Let x , ...,x n+1 be the standard coordinates on M n+2 . Consider the metric 

n no 

5 = 2dx°dx n+1 + ^(dx*) 2 + 2 ^ uWdx 1 * 1 + f ■ (dx n+1 ) 2 , (10) 



i=l 



1=1 



where 

u* = a i , f x 5 'x*(a? n+1 )°- 1 (11) 

and / is a function which depends on the type of the holonomy algebra that we wish to 
obtain. 

For the Lie algebra g 3 '^ (if it exists) define the numbers 

For the Lie algebra n 4 ' 1 ''" 1 '^ (if it exists) define the numbers ib ~ such that 

aii 

j^Yy^ p ^)=jZ ( 13 ) 

i=m+l 

If we choose / such that /(0) = 0, then go = n and we can identify the tangent space to 
R n+2 at with the vector space R 1 >" ,+1 . 
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Theorem 1.3.5. The holonomy algebra (jo( of the metric g at the point G R n+ depends 
on the function f in the following way 



f 


JjOl 


i=no+l 

2xV Q i^(x"+ 1 )"- 1 + E"_ no+1 (^) 2 

2^ ^yfx^ 1 ) 01 - 1 + y> m , , (x¥ 


3 ^(^/3(W^{O}) 
g 4 ' f '' m ^(i/ dim3({j) > ra-m) 



In order to prove Theorem 11.3.51 we computed in [35] the components of all covariant 
derivatives of the curvature tensors of the metrics (|10j) with the above chosen /, then we 
used Theorem 11.1.71 

As the corollary we obtain the classification of the weakly-irreducible not irreducible 
Lorentzian holonomy algebras. 

Theorem 1.3.6. A weakly-irreducible not irreducible subalgebra g C so(l,ra + 1) is the 
holonomy algebra of a Lorentzian manifold if and only if g is conjugated to one of the 
subalgebras 1,f >, g 2 ^, g 3 >&'V } g^< m <^> cz so(l, n + 1)r p , where f) C so(n) is the holonomy 
algebra of a Riemannian manifold. 

From Theorem 11.3.61 Wu's theorem and Berger's list it follows that the holonomy algebra 
f)oI C so(l,N + 1) of any Lorentzian manifold of dimension N + 2 has the form fyol = 
© f)i • • • © t) r > where either g = so(l,n + 1) or g is a Lie algebra from Theorem 
1 1.3. (A and ()j C so(rij) are the irreducible holonomy algebras of Riemannian manifolds 
(N = n + n\ H + n ry ). 

Now we compare our method of constructions of the metric (|1U|) with the example of A. 
Ikemakhen. Let us construct the metric for g 2 ^( so ( 3 )) c so(l,6) by our method. Take 
P £ V(p(so(3))) defined as P(ei) = P(e 2 ) = 0, P(e 3 ) = A x , P(e 4 ) = A 2 and P(e 5 ) = 4j. 
By our constructions, 

5 5 

5 = 2dx°dx e + Y,( dx ' 1 ) 2 + 2 Y1 u ' dxl(ix& ^ 

i=l i=l 

where 

y} = -§((x 3 ) 2 + 4(x 4 ) 2 + (x 5 ) 2 ), U 2 = ^((x 3 ) 2 - (x 5 ) 2 ), 

u 3 = Kx 1 ^ 3 - V3x 2 x 3 - 3x 4 x 5 - (x 5 ) 2 ), u 4 = §xV, 
u 5 = |(x x x 5 + \/3x 2 x 5 + 3x 3 x 4 + x 3 x 5 ). 
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We still have pr so(n) (r ^) Q ) = A u pr so(n) (r ^) Q ) = A 2 , 

Pr s0 (n) (R sgff)o) = ^3 and pr so(n) {R ^) Q ) = pr so(n) {R ^) Q ) = 0. 

The reason why we obtain another metric is the following. The idea of our constructions 



is to find the constants a k such that 



P r so(n) R y dx i i a^+i ! a^+i > ' " > dx^ 1 ) ) ~ PN ^ e 'd- 
These conditions give us the system of equations 

(a-1)! (a*~-aO = PK~, 

v \ aji akij aji 

a k -~ - a k ,~ = 0. 

aji aij 

One of the solutions of this system is given by (|7j), but this system can have other solutions. 
We use the solution given by ((TJ), taking another solution of the above system, we can 
obtain the metric constructed by A. Ikemakhen. 

Thus the choice of the functions u l given by (jlip guarantees us that the orthogonal 
part of the holonomy algebra holg coincides with the given Riemannian holonomy al- 
gebra f) C S0(n) (the other values of pr S0 ( n )(V r i?) does not give us anything new). This 
also guarantees us the inclusion M n ° C f)o[ . The reason why we choose the function / as 
in Theorem 11.3.51 can be easily understood from the following formulas 

prK ( R a^OJ = \wf (we use this for ^ 

V a-1 R ( 9 d 4 d _ . 9 \ d a+1 f 



d x i ' dx n + l ' dx^ 1 ' ' dx^ 1 J J 2 dx^dx^dx^ 1 )^ 1 
(we use this for Q 3,i),lfi ), 



i D f_d_ d d d \ \ _ 1 d a+1 f 



j=n + l 

(for a = we use this for all algebras, for a > we use this for q 4 ^' 771 '^ 



As application let us construct metrics for the Lie algebras g 2,02 C so(l, 8) and g 2,s P in ( 7 ) c 
so(l,9). 
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Example (Metric with the holonomy algebra g 2 ' 02 C so(l,8)). Consider the Lie 
subalgebra Q2 C so (7). The vector subspace 02 C so (7) is spanned by the following 
matrices (|7J): 



Ax = 


E\2 — 


E34, 


A 2 ~- 


= E\2 - 


- E$6, 


^3 = 


E13 + E24, 


A 4 = 


E13 — E e7 , 


A 5 = 


En — 


E23, 


A 6 ~- 


= E\4 - 


- E57, 


A 7 = 


E\5 + E26, 


A 8 = 


E15 + E47, 


A 9 = 


Eie — 


E25, 


A 10 


= E\§ 


+ E^-j, 


An = 


= Eyj — E 36 , 


An = 


- E\ 7 — £45 


A 13 = 


- E27 - 


- E35, 


A u 


= E27 


+ E4Q, 











where E^ £ so(7) (i < j) is the skew-symmetric matrix such that (Eij)ij = 1, (Eij)ji = — 1 
and (Eij)ki = for other k and I. 

Consider the linear map P E Hom(R 7 ,g2) defined as 

P( ei ) = A e , p(e 2 ) = A4 + A 5 , p(e 3 ) = A 1 +A 7 , P(e 4 ) = A u 
P(e 5 ) = A 4 , P(e 6 ) = -A 5 + A 6 , P{e 7 ) = A 7 . 

It can be checked that P £ P(Q2)- Moreover, the elements A\ , A4 , A§ , Aq , A 7 £ Q2 generate 
the Lie algebra 02- 

The holonomy algebra of the metric 

7 7 
g = 2dx°dx 8 + Y,( dx ' 1 ) 2 + 2 Y1 uldxldx ^ 

i=l i=l 

where 



u 1 


= §(2x 2 x 3 + x x x 4 + 2x 2 x 4 + 2x 3 x 5 


+ X 5 X 7 ), 


u 2 


= |(— x l x 3 — x 2 x 3 — x l x 4 + 2x 3 x 6 


+ X 6 X 7 ), 


u 3 


= §(-x 1 x 2 + (x 2 ) 2 -x 3 x 4 -(x 4 ) 2 


1 ^ 

— XX — 


u 4 


= ^-(x 1 ) 2 - x 1 x 2 + (x 3 ) 2 + x 3 x 4 ) 




u 5 


= |(— x 1 x 3 — 2x 1 x 7 — x 6 x 7 ), 




u 6 


= |(— x 2 x 3 — 2x 2 x 7 — x 5 x 7 ), 




u 7 


= l^x 5 + x 2 x 6 + 2x 5 x 6 ), 




I 9 is g 2 ' 02 C so(l,8). 





x 2 x 6 ), 



at the point G 

Example (Metric with the holonomy algebra g 2s P in ( 7 ) c so(l,9)). Consider the 
Lie subalgebra spin(7) C so (8). The vector subspace spin(7) C so (8) is spanned by the 
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following matrices ([7]): 



A 1 = 


E\2 + £34, 


A 2 ~- 


= E13 — £24, 


A 3 = 


= E14 + E23 , 


A A -- 


- £56 + -^78) 


A 5 = 


— £ 57 + E$g, 


A G ~- 


- £58 + Eq7, 


A 7 ~- 


= —E15 + E26, 


A*-- 


= £12 + -^56 ! 


A 9 = 


Ei6 + £25 , 


A10 


= £ 37 — £ 48 , 


A u 


= ^38 + E47, 


A 12 


= £17 + £"28 


A 13 = 


= Eis — E27, 


A u 


= P35 + E^q , 


A 15 


= £36 — E45, 


A 16 


= £18 + £36 


A 17 = 


- En + £35, 


Ais 


= £26 — -^481 


A 19 


= E25 + £38 , 


A 20 


= £23 + £67 



Ai\ — £24 + £57- 
Consider the linear map P G Hom(]R 8 ,spin(7)) denned as 

P(ei) = 0, P(e 2 ) = -A M , P(e 3 ) = 0, P(e 4 ) = A 21 , 

P(e 5 ) = A 20 , P(e 6 ) = A 2 i - A 18 , P(e 7 ) = A 15 - A w , P(e 7 ) = A M - A l7 . 

It can be checked that P G P(spin(7)). Moreover, the elements An, A15—A1Q, An, ^13,^20,^21 G 
spin(7) generate the Lie algebra spin(7). 

The holonomy algebra of the metric 

8 8 

g = 2dx°dx 9 + ^(dx*) 2 + 2 ^ uWdx 9 , 
i=l i=l 

where 

it 1 = -§x 7 x 8 , u 2 = §((x 4 ) 2 + x 3 x 5 + x 4 x 6 - (x 6 ) 2 ), 

u 3 = -|x 2 x 5 , u 4 = §(-x 2 x 4 - 2x 2 x 6 - x 5 x 7 + 2x 6 x 8 ), 

u 5 = |(x 2 x 3 + 2x 4 x 7 + x 6 x 7 ), u 6 = §(x 2 x 4 + x 2 x 6 + x 5 x 7 - x 4 x 8 ), 
u 1 = |(— x 4 x 5 — 2x 5 x 6 + x 1 x 8 ), u 8 = |(— x 4 x 6 + x 1 x 7 ), 

at the point G M 9 is 2 < s P in ( 7 ) c so(l, 9). 



Chapter II. Weakly-irreducible not irreducible subalgebras of 

su(l, n + 1) 



In this chapter we classify weakly-irreducible not irreducible subalgebras of su(l,n + 1). 
The result is stated in Section 12, li In the other sections we give preliminaries and the 
proof of the main theorem. 



2.1 Classification of weakly-irreducible not irreducible subalgebras of 

su(l,n + 1) 



Let R 2 > 2n+2 be a 2n + 4-dimensional real vector space endowed with a complex structure 
J G AutM 2,2n+2 , J 2 = — id and with a J-invariant metric rj of signature (2, 2n + 2), i.e. 
r)(Jx,Jy) = rj(x,y) for all x,y £ M 2 - 2n+2 . We fix a basis p 1 , p 2 , ei,...,e„, ..,/„, gi, 92 
of the vector space M 2 ' 2 ™+ 2 such that the Gram matrix of the metric r/ and the complex 
structure J have the forms 



/ 











1 





\ 
















1 












E 2n 












1 
















V 





1 











/ 



and 



/ 





-1 














\ 




1 






























—E n 


















E n 






























-1 




V 














1 





/ 



respectively. 



We denote by u(l, n + 1)< P1 , P2 > t ne subalgebra of u(l, n + 1) that preserves the J-invariant 
2-dimensional isotropic subspace M.p\ © M.p2 C M 2,2n+2 . The Lie algebra u(l, n + 1)< P1 , P2 > 
can be identified with the following matrix algebra 



u(i,n + r 



<Pl,P2> 





/ 


ai 


-02 


-A 


z 2 





— C 


\ 






«_) 


ai 


4 


z l 


c 







< 










B 


-c 


~i 


-22 














C 


B 


22 


Zl 






V 














-Ol 


-ai 


















(12 


—at 


J 



a\,a,2. 

21, 22 

IB -C\ 
\C B I 



c e M, 
e R", 
6 u(n) 



Recall that 



and 



u n 



c B / 



{( 

su(n) = {( 



BGso(n),CGgl(n),C* = C} 



C B 



) €u(n)|trC = 0}. 



37 



38 Chapter II. Weakly-irreducible not irreducible subalgebras o/su(l,n + 1) 



We identify the above element of u(l, n + l)< Pl , P2 > with the 7-tuple (ai, a 2 , B, C, 21, Z2,c). 
Define the following vector subspaces of u(l,n + l)< Pl ,p 2 > : 

A 1 = {(01,0,0,0,0,0,0)101 G M}, A 2 = {(0,a 2 ,0,0,0,0,0)|a 2 G R}, 
Af 1 = {(0,0,0,0,2;i,0,0)|2i GR n }, N 2 = {(0,0,0,0,0,z 2 ,0)|z 2 £l"} 

and 

C = {(0,0,0,0,0,0,c)|c G K}. 
We consider u(n) as a subalgebra of u(l,n + l)< PllP2 >- 

We see that C is a commutative ideal, which commutes with A 2 , M\ M 2 and u(n), and 
-4 1 © .A 2 is a commutative subalgebras, which commutes with u(n). 

Furthermore, for ai, 0,2, c G R, 21,22,^1,^2 G M n and (^ ~^ 7 ) G u(n) we obtain 
[{ax, 0, 0, 0, 0, 0, 0), (0, 0, 0, 0, 21 , z 2 ,c)} = (0, 0, 0, 0, a lZl , oi2 2 , 2a lC ), 

[(0,O 2 , 0,0, 0,0,0), (0,0, 0,0, 21, 22,0)] = (0,0,0,0,0222,-0221,0), 

[(0, 0, 5, C, 0, 0, 0), (0, 0, 0, 0, 21 , 22, 0)] = (0, 0, 0, 0, Bz x - Cz 2 , Cz x + Bz 2 , 0), 
[(0, 0, 0, 0, 21 , 2 2 , 0), (0, 0, 0, 0, Wl , wz, 0)] = (0, 0, 0, 0, 0, 0, 2(-z 1 w t 2 + z 2 w\)). 

Hence we obtain the decomposition^ 

u(l,n + l)< pliP2 > = (.A 1 © A 2 © u(n)) x {M l +M 2 + C). 

Denote by su(l,ra + 1)< P1 , P2 > the subalgebra of su(l,ra + 1) that preserves the subspace 
Mpi © Rp 2 C M 2 ' 2n+2 . Then 

su(l,n + 1)< P1 , P2 > = {(ax,a 2 ,B,C,zx,z 2 ,c) G u(l,n + l)<p 1>P2> |2a2 + tr K C = 0} 

and 

u(l, n + l)< Pl , P2 > = 5u(l, n + 1) 

<Pl,P2> W 1IW - 

Therefore we obtain the decomposition 

su(l, n + l)< PllP2 > = (A 1 © su(n) © Rio) x (AA 1 + M 2 + C), 

where 



Zo = 



/ 





n 
n+2 
















n 
n+2 




























2 p 

71 + 2^™ 
















2 P 1 

n+2^" 




























n 
n+2 


V 














n 
n + 2 






We denote by X and x the semi-direct product and semi-direct sum for Lie groups 
and Lie algebras, respectively. If a Lie algebra is decomposed into a direct sum of vector 
subspaces, then we use +. 
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Note that 



u(l,l) 



<P1,P2> 



/ 


ai 


-ai 





— c 


\ 




ai 


ai 


c 















-Ol 


—ai 




V 








0-2 


-a\ 


J 



a\,a,2,c 6 1 



• = e x c 



and su(l, 1)< P1 , P2 > = A 1 x C. 

If a weakly-irreducible subalgebra g C u(l,n + 1) preserves a degenerate proper subspace 
W C IR 2 ' 2n+2 , then g preserves the J-invariant 2-dimensional isotropic subspace W\ C 

M 2,2n+2 ; where Wi = (w n jw) n (w n jw) 1 - if vf n jw + {0} and w x = (w © 

JW) n (W © JW)- 1 if W n JW = {0}. Therefore q is conjugated to a weakly-irreducible 
subalgebra of u(l,n + l)<R Pl ,Rp 2> . 

Let £ = span{ei, ...,e n ,/i, ...,/„}, E 1 = span{ei, e„} and E 2 = span{/i, /„}. For 
any integers k and I with 1 < k < I < n we consider the following subspaces: 

E{...,i = span{e fc ,...,e/} C E l ,E 2 K4 = span{/ fe , /,} C E 2 ,E K .j = eEg,...,, C £, 

= {(0,0,0,0,^,0,0)1^ G -Efc,...,;} C AA 1 



and 



A/? 



^^ = {(0,0,0,0,0,^,0)1^ G -El,...,/} C N 2 . 

Clearly = E 2 = E 2 _ n , E = E lt ..., n , AT 1 = Ml_ n and M 2 = M 2 _ n . 

We denote by u(efc, e\) the subalgebra of u(ro) that preserves the vector subspace -E^,...,/ C 
E and annihilates the orthogonal complement to this subspace. We denote u(l, 
just by u(Z). Furthermore, let Jk,...,i be the element of u(l,n + l)<R pi ,Rp 2 > defined by 
Jfc,...,zb fc , = J\e u , and Jfe,...;| B ± = 0. We denote J-y 1 just by J. Consider the 

k,...,l 

following Lie algebra 



soi>(k, 



'/ooooooX 

B 





B 

, \ 00 0/ 



Beso(l-k + l) 



> C 5u(k, I), 



where the matrices of the operators are written with respect to the decomposition 

E = ^.....fc-i El^ © ^ + l,..,n © £L.,fc-l © ^L.,/ © ^+l,..,n- 
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The subalgebra soc)(/c, /) C u(n) annihilates the orthogonal complement to i®E 2 ; 
and acts diagonally on l © E 2 . ; . 

For any < m < n define the following vector space 

A 2 = {(0, o 2 , 0, 0, 0, 0, 0) + a 2 J m+lj ,„ >n \a 2 G R}. 
Clearly, if in = n, then A 2 = A 2 ; if m = 0, then A? = RJ. 

Let () C u(n) be a subalgebra. Recall that f) is a compact Lie algebra and we have the 
decomposition f) = fj' © 3(f)), where f)' is the commutant of f) and 3(f)) is the center of f), 
see for example [37] . 

Theorem 2.1.1. 1) ^4 subalgebra q C su(1,1) C so(2,2) is weakly-irreducible and not 
irreducible if and only if q is conjugated to the subalgebra C C su(l, l)<pi, P2 > or t° 

su (l; l)<pi,P2>- 

2) Lei n > 1. T/ien a subalgebra q C su(l,n + 1) C so(2,2n + 2) is weakly-irreducible 
and not irreducible if and only if g is conjugated to one of the following subalgebras of 
su(l,n + l)<p llP2 >: 

gm.M 1 = (^1 © {(0, - I tr C, B, C, 0,0, 0)|(g B c ) G f)}) x (M 1 + M 2 _ m + C), 

where < m < n and \] C su(m) © (J TO — ^p^Jn) ffisot>(m + 1, ...,n) is a subalgebra; 

Q mA<P= { ^ B} C ), -\ tr C, B, C, 0,0,0)|(g ~ B C ) G f)} x (AA 1 + Wj 2 . jm + C), 

where < m < n, f) C su(m) © ( J m — j^Jn) © soD (m + 1, n) is a subalgebra and 
ip : rj — ► R is a linear map with ip\y = 0; 

fl n, W ,M = { (o, - 1 tr C, B, C, Vi (-B, C), ^(B, C) + MB, C), 0)| ( g " B c ) G f)} 

►<(A^ > ... > *+^J... l ft+^.W + C)» 
where k and I are integers such that < k < I < n, f) C su(fc) © R(Jfc — ^r^n) 

is a subalgebra with dim^(t)) > n + I — 2k, ip : f) —>■ E^ +1 t + E 2 +1 t + 1 n 
is a surjective linear map with = 0, ip\ = pr^i l ^2 = WeI 1 , V* an ^ 

(+l,..,,n 

fl m,W,fc,i,r = {(0,-ItrC,i?,C,^i(i?,C)+^4(B,C),^ 2 (i?,C)+V'3( J B,C),0)|(^ B c ) G f)} 

where k, I, r and m are integers such that 0<k<l<m<r<n and m < n, 
\) C su(fc) © R(Jfc — ^X2^n) © S0X)(m + l,...,r) is a subalgebra with dim3(f)) > 
n + m + /-2/c-r,V:f)^ £fc+i,...,i + + E? +1> m + £y+l,...,n " « surjective 
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linear map with ip\w = 0, ipi = pr^i oip, if) 2 = pr^ otp, ip 3 = pr E 2 oip 

fc + l,...,Z fc+l,...,Z i + l,...,m 

and tp^ = pr F i ot/j; 

r+l,...,n 

o,W,fc= { (0,0, BM(B), 0, 0)| (f o) e f)} x CA/J... ifc + C), 

where < fc < n, f) C S0?>(1, fc) is a subalgebra such that dim$(f)) > n — k, 
tp : f) — > BL j n is a surjective linear map with = 0; 

°>^= {(0, 0, B, 0, 0, 0, ((B))\ ( so ) G ^ K 

where t) C so5(l, ...,n) is a subalgebra with 3(f)) / {0} and ( : I) -> I is a non-zero 
linear map with CI 3(f)) 7^ 0; 

fl o,^,fc,c = {(0 , 0, B, 0, ip(B),0, C(B))| ( H ) e f), } x Ni,...,k> 

where 1 < k < n, t) C. sod(l, ...,k) is a subalgebra with dim$(t)) > n — k, ip '■ ~* 
^k+i n ^ S a sur 3 ec ti ve linear map with ij)^ =0 and C : f) — ► R is a non-zero linear 
map with £\y = 0. 

Remark. In [51] A. Ikemakhen classified weakly-irreducible subalgebras of so(2,iV + 
2)<p lt p 2 > that contain the ideal C, i.e. the last two types of Lie algebras from the above 
theorem were not considered in 141 1. 



2.2 Transitive similarity transformation groups of Euclidian spaces 

Let (B, 77) be an Euclidean space, ||x|| 2 = rj(x,x). A map / : E — > E is called a similarity 
transformation of B if there exists a A > such that ||/(xi) — /(x2)|| = A||xi — a?2 [| f° r an 
xi,X2 £ E. If A = 1, then / is called an isometry. Denote by SimB and IsomB the groups 
of all similarity transformations and isometries of B, respectively. A subgroup G C SimB 
such that G <f_ IsomB is called essential. A subgroup G C SimB is called irreducible if it 
does not preserve any proper aflfine subspace of B. 

The following theorem is due to D.V. Alekseevsky (see [2] or [3]). 

Theorem 2.2.1. A subgroup G C SimB acts irreducibly on E if and only if it acts 
transitively. 

We denote by B the group of all translations in B and by A 1 = R + the identity component 
of the group of all dilations of B about the origin. For the connected identity component 
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of the Lie group Isom E we have the decomposition 

Isom E = SO(E) A E, 

where E is a normal subgroup of Isom E. For Sim E we obtain 

Sim E = A 1 A Isom E = (A 1 x SO(E)) A E, 

where E is a normal subgroup of Sim°i? and A 1 commutes with SO(E). 
In [33] we deduced from results of [2] and [3] the following theorem. 

Theorem 2.2.2. Let G C SimE" be a transitively acting connected subgroup. Then G 
belongs to one of the following types 

type 1. G = (A x H) A E, where H C SO(E) is a connected Lie subgroup; 
type 2. G = H AE; 

type 3. G = (A® x H) A E, where $ : A — > SO(E) is a non-trivial homomorphism and 

A® = {a - $(a)|a e A} C A x SO(E) 

is a group of screw dilations of E that commutes with H ; 

type 4. G = (H x ?7*) A W, where H C SO(W) is a connected Lie subgroup, E = W @U 
is an orthogonal decomposition, : U — > SO(W) is a homomorphism with ker d^ = 
{0}, and 

= {*(«) • u\u G U} C SO{W) x U 
is a group of screw isometrics of E that commutes with H . 

To the above decomposition of the Lie group SimE 1 corresponds the following decomposi- 
tion of its Lie algebra LA(Sim£'): 

LA(Sim£) = (A 1 ® 30(E)) x E, 

where .4. 1 = R is the Lie algebra of the Lie group A 1 and E is the Lie algebra of the 
Lie group E. We see that .A 1 commutes with so(E), and E is a commutative ideal in 
LA(Sim£). 

Let B be a Lie algebra. We denote by B' the commutant of B and by i(B) the center of 
B. If B C so(n), then B is a compact Lie algebra and we have B = B' ®%{B). 

The Lie algebras of the Lie groups from the above theorem have the following forms (see 
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type 1. g 1 ' 6 = (A 1 © 23) x £, where 23 C so(E) is a subalgebra; 
type 2. g 2 ' 6 = 23 x E; 

type 3. g 3 - 6 -^ = (£>' © {(^(x) + G 3(23)}) x E, where (p : 3(23) — » .A 1 is a non-zero 
linear map; 

type 4. g 4 > fc > B ^ = (23' © {{^(x) + x)\x G 3(5)}) x W, where we have a non-trivial or- 
thogonal decomposition E = W © U such that 23 C so(W), and ^ : 3(23) — » f7 is a 
surjective linear map; = dimVF. 

It is convenient for us to extend the maps cp and -0 to 23 and to unify the Lie algebras of 
type 2 and 3 assuming that <p = for the Lie algebras of type 2. We obtain the following 

Theorem 2.2.3. Let G C Simi? be a transitively acting connected subgroup. Then the 
Lie algebra of G belongs to one of the following types 

type A 1 . Q B,Al = (A 1 © 23) x E, where 23 C so (E) is a subalgebra; 

type tp. Q® ,Lp = {<p(x) + x\x G 23} x E, where ip : 23 — > A 1 is a linear map with ip\& = 0; 

type if). Q®>^' k = {ijj(x) + x\x G 23}) x W, where we have a non-trivial orthogonal decom- 
position E = W "©27 such that 23 C So(W), and ip : 23 — > 27 is a surjective linear map 
with = 0; k = dimW. 

For each Lie algebra g from Theorem 12.2.31 we call 23 C 50(E) the orthogonal part of q. 

2.3 Similarity transformations of the Heisenberg spaces 

In this section we explain notation from [37], which we will use later. 

Let E be a complex vector space of dimension n endowed with a Hermitian metric g. 

By definition, the Heisenberg space associated to n is the direct sum 7i n = E © R. The 
line R is called the vertical axis. 

We consider Tt n also as a group with respect to the operation 

(z, u) ■ (w, v) = (z + w,u + v + 2 lm.g(z, w)), 
where z,w G E and «,»£!. The group TL n is nilpotent and R C W n is a normal subgroup. 
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We consider the action of the group H n on itself by left translations. These transformations 
are called the Heisenberg translations. 

The unitary group U(E) acts on 7i n by 

A : (z, u) i— ► (Az, u), 

where A £ U (E) . These transformations are called the Heisenberg rotations about the 
vertical axis. 

The group C* of non-zero complex numbers acts on 7i n by 

A : (z, u) i ^ (Az, | A| 2 «), 

where A G C*. These transformations are called the complex Heisenberg dilations about 
the origin. 

The intersection of the group of the Heisenberg rotations about the vertical axis and 
the group of the complex Heisenberg dilations about the origin is the group of scalar 
multiplications by unit complex numbers T = C* Pi U(E). The groups C* and U(E) 
generate the group R + x U(E), where IR + is the group of the real Heisenberg dilations 
about the origin, i.e. with A 6 M + . 

All the above transformations generate the Heisenberg similarity transformation group 

SimHn = (R+ x U{E)) X 7U, 
where the subgroup 7i n C Sim 7i n is normal. 

By definition, the similarity transformation group of the Hermitian space E is 

Sim^ = (R+ x U(E))AE, 

where E C SimE 1 is a normal subgroup that consists of translations in E. 
We have the natural projection 

vr : SimH n -> SimE. 

The kernel of ir is 1-dimensional and consists of the Heisenberg translations (z, u) 
(z,u + c), c£R. 

To the above decomposition of the Lie group SimW Tt corresponds the following decompo- 
sition of its Lie algebra 

LA(SimH n ) = (A 1 © u(n)) x LA(H n ), 
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where .4 1 = R is the Lie algebra of the Lie group of the real Heisenberg dilations about 
the origin. 

Let us denote by C the Lie algebra of the group of the Heisenberg translations (0, u) : 
(w,v) i-> (w,u + v). Let E C LA(W n ) be the tangent space to the submanifold E C SimE 1 
at the unit. Then C is an ideal in LA(Sim W n ) and E is a vector subspace of LA(H n ) with 
[E, E] = C. We have LA(H n ) = E + C. Thus, 

LA(SimK„) = {A 1 © u(n)) x (E + C). 

For the Lie algebra LA(Sim.E) of the Lie group Simi? we obtain the decomposition 

LA(Sim E) = (A 1 © u(n)) x E, 

where ^l 1 = R is the Lie algebra of the group of real dilations about the origin, E is the 
Lie algebra of the Lie group E. We see that A 1 commutes with u(n), and E is an ideal in 
LA(Sim£). 

We denote the differential of the projection ir : SimH n — ► Sim£^ also by it. Obviously, the 
linear map 

7T : LA(SimW n ) LA(Sim^) 
is surjective with the 1-dimensional kernel C. 



2.4 The groups U(l, n + l)cpi cind U{1, n + 1)< P1 ,p 2 >? their Lie algebras and. 
examples 

Let 5 be a complex vector space. Denote by the real vector space underlying S and by 
J the complex structure on Sr. The correspondence S i— ► (Sr, J) gives an isomorphism of 
categories of complex vector spaces and real vector spaces with complex structures. For a 
real vector space S with a complex structure J we denote by S the complex vector space 
given by (S, J). 

Let S be a complex vector space. A subspace S\ C Sr is called complex if JS*i = Si, 
where J is the complex structure on Sr. A subspace Si C Sr is called a real form of S if 
JSi n Si = {0} and dim R Si = dim c S. 

Suppose that S is endowed with a pseudo-Hermitian metric g. For x, y G Sr let 
rj(x,y) = Reg(x,y). Then 77 is a metric on Sr and we have 
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rj(Jx,Jy) = r)(x,y) for all x,y G 5r, i.e. rj is J-invariant. Conversely, for a given real 
vector space S with a complex structure J and an J-invariant non-degenerate metric 77, 
let <7(z, ttj) = 77(2:, w) + 2.77(21, Jw) for all z,w E S. Then <? is a pseudo-Hermitian metric on 
S. This gives us an isomorphism of categories of pseudo-Hermitian spaces and real vector 
spaces endowed with complex structures and invariant non-degenerate metrics. 

A vector subspace L C S (resp. S) is called degenerate if the restriction of 77 (resp. g) to 
L is degenerate. A vector subspace L C S (resp. 5) is called isotropic if the restriction of 
77 (resp. 5) to L is zero. 

Let S 1 be a complex vector space of dimension n + 2, where n > 0, and let g be a pseudo- 
Hermitian metric on S of signature (l,n + 1). By definition, the pseudo- unitary group 
+ 1) is the real Lie group of ^-invariant automorphisms of S, i.e. 

[7(l,n + l) = {/ € Aut(S)\g{fz,fw) = g{z,w) for all z,w G 5}. 

The corresponding Lie algebra consists of g-skew symmetric endomorphisms of S, i.e. 

u(l, Ti + 1) = G End(S)|0(£s, 77j) + s(z, fw) = for all z, w G 5}. 

Consider the action of the group [7(1, n + 1) on Sr. Then 

[7(1, n + 1) = {/ G 50(2, 2n + 2)1 J/ = /J} 

and 

u(l, 77 + 1) = U e 00(2, 277 + 2)1 [C, J] = 0}. 

Here SO(2, 2n + 2) is the Lie group of 77-orthogonal automorphisms of and so(2, 2n + 2) 
is the corresponding Lie algebra, which consists of 77-skew symmetric endomorphisms of 
<Sr- 

Let IR 2 ' 2n + 2 be a 2n + 4-dimensional real vector space endowed with a complex structure 
J G AutM 2,2n+2 and with a J-invariant metric 77 of signature (2,2n + 2). Let C 1 '"" 1 " 1 
be the n + 2-dimensional complex vector space given by (R 2,2n+2 , J, 77). Denote by g the 
pseudo-Hermitian metric on C 1,ra+1 of signature (1, 77 + 1) corresponding to 77. 

We say that a subgroup G C U(l,n + 1) C 50(77 + 2, C) acts weakly-irreducibly on C 1,n+1 
if it does not preserve any non- degenerate proper subspace of C 1,ra+1 . We say that a 
subalgebra g C u(l, 77 + 1) C $o(n + 2, C) is weakly-irreducible if it does not preserve any 
non- degenerate proper subspace ofC 1,n+1 . 
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Proposition 2.4.1. If a subgroup G C U(l,n + 1) acts weakly-irreducibly on R 2,2n+2 ; 
then G acts weakly-irreducibly on C ,n+ . 

Proof. Suppose that G C 17(1, n + 1) acts weakly-irreducibly on R 2 > 2n + 2 and G preserves 
a non-degenerate proper subspace L C C ,n+ . Hence G preserves the subspace 7r C 
M 2 ' 2n+2 . We claim that 7r is non-degenerate. Indeed, let x G 7r n (7r)- l,) . For any y G L 
we have g(x, y) = t](x, y) + ir](x, Jy) = 0, since JL = 7. Hence, x G L n L -1-9 and x = 0. 
Thus the subspace Lr is non-degenerate and we have a contradiction. □ 

The converse to Proposition 12.4. ll is not true, see Example 12.4.31 below. 

For the group U{\, n + 1) we have the local decomposition U(l, n + 1) = SU(1, n + 1) • T, 
where SU(1, n + 1) = 17(1, n + 1) n SL{2 + n, C) and T is the center of 17(1, n + 1), which 
is the 1-dimensional subgroup generated by the complex structure J G U(l,n+ 1). 

We fix a basis pi, e±, e n , q\ of C 1,n+1 such that the Gram matrix of g has the form 




where E n is the n-dimensional identity matrix. Let E C C 1,n+1 be the vector subspace 
spanned by ei, e n . We will consider as Hermitian space with the metric g\^. 

Denote by U(l,n + l)cpi the Lie subgroup of U(l, n + 1) acting on C 1,n+1 and preserving 
the complex isotropic line Cpi. Since J G 17(1, n + l)cpu w e have the decomposition 
[7(1, n + l) Cpi = 5i7(l, n + 1) ■ T, where n + l) Cpi = [7(1, ra + l) Cpi n SL(2 + n, C). 

The Lie algebra u(l,n + l)cpi of the Lie group U(l,n + l)cpi can be identified with the 
following matrix algebra 



u(l,n + l) Cpi 





-2* 


ic \ 


(0 




-J 










a G C, c G R, z G A G u(n) 



Here u(n) is the unitary Lie algebra of the Hermitian space E. We identify the above matrix 
with the quadruple (a, A, z, c) and define the following vector subspaces of u(l, n + l)cpi : 



A = {(o,0,0,0)|a G 



M = {(0, 0, z, 0)\z G E} and C = {(0,0,0,c)|c G R}. 



We consider u(n) as a subalgebra of u(l,n + l)cpi with the obvious inclusion. Note that 
C is a commutative ideal, which commutes with u(n) and M, and .A is a commutative 
subalgebra, which commutes with u(n). For a G C, c G R, 2, w G and ^4 G u(n) we 
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obtain 

[(a, 0,0,0), (0,0, z, c)} = (0,0,az,2Rea-c), [(0, A, 0,0), (0,0,^,0)] = (0,0,Az,0) 

and 

[(0,0,z,0), (0,0,^,0)] = (0,0,0, -2Img(z,w)). 
We obtain the decomposition 

u(l,n + l) Cpi = (i®u(n)) ix (M + C). 

For the Lie algebra su(l, n + l)cpi of the Lie group SC/ (1, n + l)c P i we have 
su(l, n + l) Cpi = u(l, n + l) Cpi n su(l, n + 1) = {£ e u(l, n + l)c Pi I tr c C = 0} = 
{(a, A, z, c) G u(l,n + l)c P i|a - a + tr c A = 0} and u(l, n + l)c Pl = su(l,n + l) Cpi ( 

Let g C u(l, n + 1) C so(n + 2, C) be a weakly-irreducible and not irreducible subalgebra. 
Then g preserves a non-degenerate proper subspace L C C > n+ . Hence g preserves the 
orthogonal complement L^ 9 and the intersection L n L^- 9 , which is an isotropic complex 
line. Hence g is conjugated to a weakly-irreducible subalgebra of u(l,n + l)cpi- 

Now we consider the real vector space M 2,2n+2 . Let p2 = Jpi, fi = Jei,..., f n = Je n and 
Q2 = Jqi- Consider the basis pi, p2, ei,...,e n , /i,...,/ n , q\, q2 of the vector space R 2,2n+2 . 
With respect to this basis the Gram matrix of the metric rj and the complex structure J 
have the forms 



/ o o 
o o 



10 
1 



E 2r , 
10 
\ 1 





/ 



and 



1 o 















E n 





\ 



-E n 



0-1 

1 / 



respectively. 



We consider the vector space E = span R {ei, e n , /i, f n } C M 2 ' 2n+2 as an Euclidian 
space with the metric tj\e- Let E 1 = span M {ei, e n } and E 2 = span R {/i, f n }. 

We denote by U(l, n + l)< Pl ,p 2 > the subgroup of f7(l, n + 1) acting on R 2 ' 2n + 2 and preserv- 
ing the isotropic 2-dimensional vector subspace Mp\ © Mp2 C M 2,2n+2 . The group U(l, n + 
l)< PliP2 > is just n + l)cpi acting on M 2 ' 2n+2 . Denote by SU(1, n + l)< Pl , P2 > the group 
SU(l,n+ l) Cpi acting on M 2 < 2n + 2 . We have U(l,n + l)< PllP2 > = SU(l,n + l)< Pl , P2 > ■ T. 



The Lie algebra u(l,n + 1] 



<P1,P2> 



of the Lie group U(l,n + 1' 



<Pl,P2> 



can be identified 



with the matrix algebra as in Section [2. 1[ The correspondence between u(l, n + l)c P i and 
u(l, n + l)< Pl , P2 > is given by the identities a = a\ + ia2, A = B + iC and z = z\ + iz2- 

Now we consider some examples (we use denotation of Section 12. 1|) . 
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Example 2.4.1. The subalgebra q = J\f l + C C u(l, n + l)< PllP2 > ^ s weakly-irreducible. 

Proof. Suppose that g preserves a proper vector subspace L C R 2 ' 2n+2 . Let v = 
(ai,a 2 ,a, f3, b\, 62) G L, where we use the decomposition 

R 2,2n+2 = Rpi e Rp2 spanR { ei) 6n } S pan R {/i, /„} © Rgi © Rq 2 . 

Applying an element (0, 0, 0, 0, z\ , 0, 0) G J\f l C with z^zi = 1 twice to v, we see that 
01P1 + 02P2 G L. Applying the element (0,0,0,0,0,0, 1) G C C to v, we get — &2P1 + &1P2 G 
L. Hence if the projection of L to Rtji ©Rc/2 is non-zero, then L contains Rpi ©Rp2 and the 
projection of L~ L?) to R^iffiR^ is zero, moreover, L _L '' is also preserved. Thus we can assume 
that the projection of L to Mqi ©Rc/2 is zero. Let v = (01, a2, a, /?, 0, 0) G L. If a 7^ 0, then 
applying the element (0, 0, 0, 0, a, 0, 0) G AA 1 C to v, we see that 7^ a'api + u t j3p2 G L, 
hence L is degenerate. The similar statement is for (3^0. If a = [3 = for all v £ L, 
then L is degenerate. □ 

Example 2.4.2. TTie subalgebra g = M 1 C u(l,n + 1)< P1 , P2 > *s n °t weakly-irreducible. 
The subalgebra q = M 1 C u(l, n + l)c P i ^ weakly-irreducible. 

Proof. Suppose that q preserves a proper subspace L C C ,n+ . Let t> = {a\,a,b\) G L 
(here we use the decomposition C 1,n+1 = Cpi © span c {ei, e n } © Cgi). Applying an 
element (0,0, £i,0) G AA 1 with = 1 twice to v, we see that bipi G L. As in Example 
12.4.11 we can assume that the projection of to Cq± is zero and show that L is degenerate. 

The vector subspaces span R {pi + p 2 , e% + f\, e n + /„, q\ + q 2 } C R 2 ' 2n+2 and 
span R {pi — P2, e\ — fi, e n — f n , q\ — q 2 } C R 2 ' 2n + 2 are non-degenerate and preserved by 
0. □ 

Example 2.4.3. The subalgebra = J\f l © MJ C u(l,n + l)< Pl , P2 > *s weakly-irreducible. 

Proof. Suppose that preserves a proper vector subspace L C R 2 ' 2n+2 . Let v = 
(ai, a,2, a, f3, 61, 62) G L. As in Example I2.4.H we see that b\p\ + &2P2 G L. Applying 
the element J G to b\p\ + 62P2, we get — &2P1 + &1P2 G L. The end of the proof is as in 
Example EXU □ 

Let A 1 , A 2 , N 1 , N 2 and C be the connected Lie subgroups of U(l, n + l)cpi corresponding 
to the subalgebras A , A 2 , M , AA 2 and C of the Lie algebra u(l, n + l)c P i • These groups 
can be identified with the following groups of matrices 
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A 1 = 



N 



01 G R, 
ai > 



' / oi \ 

id 

V. \ Ol / 

' / 1 -z\ -\z\z x \ 

id 

{ \ I / 



^ 2 = 



2i 
1 



' / e" 2 \ 
id 
\ e ia2 J 
( 1 z\ \z\zi \ 



Zl e E 1 } , N 2 = < 



4-2 2 ' 

id z 2 

L V 1 V 



a 2 G 



^2 G E 2 









i 





ic 


\ 


c= < 









id 











V 








1 


/ 



c 6 



We consider the group U(n) as a Lie subgroup of U(l,n + l)cpi with the inclusion 

/ 1 \ 



A € C/(n) 



G [7(1, n + l) Cpi . 



0^0 
V° W 

We have the decomposition U(l,n+ l) Cpi = (A 1 x A 2 x £/(n)) X (iV • C). 



2.5 Action of the group U(l,n+ l)cpi on the boundary of the complex 
hyperbolic space 

As above, let C 1,n+1 be a complex vector space of dimension n + 2 and g be a pseudo- 
Hermitian metric on C 1,n+1 of signature (l,n + 1). A complex line Z C C 1,n+1 is called 
negative if g(z,z) < for all z G Z\{0}. The n + 1-dimensional complex hyperbolic space 
H^ +1 is the subset of the projective space PC 1 '™"*" 1 consisting of all negative lines. 

The boundary <9H^. +1 of the complex hyperbolic space H^ +1 is the subset of the projective 
space PC 1 '™" 1-1 consisting of all complex isotropic lines. 

We identify <9H^, +1 with a 2n + 1-dimensional real sphere in the following way. Let 
pi, e±, e n ,qi by the basis of C 1,n+1 as above. We also consider the basis eo, e±, e n , e n _|_i, 
where eo = -^(pi — qi) and e n+ i = ^(pi + qi)- With respect to this basis the Gram 
matrix of g has the form 

, o y 

E n+1 J 
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Consider the vector subspace E\ = E © Ce„ + i C E. Each isotropic line intersects the 
affine subspace eo + E\ at an unique point and we see that 



(e + E 1 )n{zeC 1 > n+1 \g(z,z)=0} = 



{z£ 



t,2,2n+2 



Xq 



1, y = 0, + y\ 



1} 



is a 2n + 1-dimensional unite sphere S 2n+1 . Here (xo + iyo, • x n+ \ + iy n +i) are the 
coordinates of a point z with respect to the basis eo, ei, e n , e n+ i. 

Let G C f/(l,n + l)cpi be a subgroup. We identify <9H^. +1 \{Cpi} with a Heisenberg 
space W n and consider an action of G on H n . For this let Ei = E © iEe n+ i and po = 
Cpi n (eo + Ei) = \[2p\. Denote by sq the stereographic projection so : S 2n+1 \{po} — ► 
£?2 (here we identify E^ and eo + E-i). Note that £2 is just a Heisenberg space K n 
with the vertical axis iM.e n+ \. Any / G [7(1, n + l)cpi takes complex isotropic lines 
to complex isotropic lines, hence it acts on S 2n+1 \{po} = dH^. +1 \{Cpi}, and we get 
the transformation T(f) = s / $o 1 of E2 = Ti n . Moreover, we will see that this 
transformation is a Heisenberg similarity transformation. 

Now we consider the basis pi,ei, e n , q\ and the matrices of elements of £7(1, n + l)cpi 
with respect to this basis. Computations show that 

( a x \ 

id 
\ 



for a\ 6 K, ai > 0, the element 



ai 



corresponds to the real Heisenberg dilation 

(z, iu) 1 ^ (aiz,afm), 



where z £ E and u G 



for 02 G E the element 



/ 



\ 




for A G U(n) the element 



\ 1 

for zi £ E 1 , Z2 £ E 2 and c G E the elements 




id 

e ia2 
/ 1 \ 
A 

J 



corresponds to the complex Heisenberg dilation 

(z, iu) 1 ^ (e~ M2 z, zu); 



corresponds the Heisenberg rotation 

(z, iu) 1— > (Az, iu); 



/ 


1 


-*! 


-\z\ Zl \ 


/ 


1 


z* 

z 2 




\ 




f 


1 





ic 


\ 







id 


Zl 







id 


^2 




and 







id 







V 








1 / 


V 








1 


/ 




{ 








1 


/ 



correspond to the Heisenberg translations 

(z, iu) 1 ^ (z + z±,iu + i2 lmg(z, zi)), (z, iu) 1— > (2 + 22 , + i2 11115(2, Z2)) 
and (z,iu) (z,iu + ic), respectively. 



52 



Chapter II. Weakly-irreducible not irreducible subalgebras of su(l,n + 1) 



Thus we have a surjective Lie group homomorphism 

r : U(l, n + l)c pi -> SimH n . 
The kernel of V is the center T of U(l, n + l)c pi , hence the restriction 

F\su(i,n+i) Cpi : SU(l,n + l) Cpi SimHn 
is a Lie group isomorphism. 

We say that an affine subspace L C E is complex if the corresponding vector subspace is 
complex, otherwise we say that L is non- complex. 

Let 7r : Sim W n — > Simi? be the obvious projection. The homomorphism 7r is surjective and 
its kernel is 1-dimensional and consists of the Heisenberg translations (z, iu) i-> (2, m+ic). 

Theorem 2.5.1. Zei G C f7(l,n + l)cpi a weakly-irreducible subgroup. Then 

(1) T/ie subgroup 7r(r(G)) C SimE 1 does not preserve any proper complex affine subspace 
ofE. 

(2) 7/ 7r(r(G)) C SimE preserves a proper non-complex affine subspace L C E, then the 
minimal complex affine subspace of E containing L is E. 

Proof. (1) First we prove that 7r(r(G)) C Simi? does not preserve any proper complex 
vector subspace of E. Suppose that 7r(r(G)) preserves a proper complex vector subspace 
L C E. Then we have vr(r(G)) C (R+ x U(L) x U (L ±3 )) A U, where L J -s is the orthogonal 
complement to L in E. We see that the group G preserves the proper non-degenerate 
vector subspace L ±9 C C 1,n+1 . 

Suppose that 7r(r(G)) C SimE preserves a proper complex affine subspace L C E. Let 
w G L and let Lo = — w + L be the corresponding to L complex vector subspace of E. 
( 1 — u;* -^w t w \ 



Let / 



2' 

id w 



G {/(l, n + l)cpi- Consider the subgroup G\ = f 1 Gf C 

\o o i y 

n + l)cpi- We have 7r(r(Gi)) = —w-tt(T(G))-w and 7r(r(Gi)) preserves the complex 
vector subspace Lq C E. Hence G\ preserves the complex vector subspace Lq 9 C C 1,n+1 , 
which is non-degenerate. Thus G preserves the proper complex subspace /(Lq 9 ) C C 1,n+1 , 
which is also non-degenerate. This gives us a contradiction. 

(2) Suppose that 7r(r(G)) C SimE preserves a non-complex affine subspace L C E. By 
the same argument, G preserves the proper complex subspace (s])&n c Lo) ±9 C C 1,n+1 , 
which is non-degenerate. Hence, span c Lq = E. This proves the theorem. □ 



2. 6 Proof of Theorem \2.1.1\ 
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2.6 Proof of Theorem 12.1.11 

1) First consider the case n = 0. There are four subalgebras of su(l, l)< PllP2 > = A 1 k C: 

A 1 >< C, C, A 1 , {(c 7 , c) eA 1 X C\c e M}, where 7 e M, 7 / 0. 

The last subalgebra preserves the non-degenerate proper subspace spanjpi + P2 + 7<?i + 
7^2)2^2 — 79i — 792} C M 2 ' 2 . The subalgebra .A 1 C su(l, 1) <P1iP2 > preserves the non- 
degenerate proper subspace Rpi © C M 2,2 . 

We claim that the subalgebra C C su(l, 1) <P1jP2> is weakly-irreducible. Indeed, suppose 
that C preserves a proper subspace L C M 2 ' 2 . We may assume that dimL = 1 or dimL = 2 
(if dimL = 3, then we consider L ). Let a\p\ + «2£>2 + Pill + /32<?2 S L be a non-zero 
vector. Applying the element (0,1) £ C, we get /3ip2 — P2P1 £ ^- If dimL = 1, then 
Pi = = and L = M(aipi + 02^2)- If dimL = 2, then L = spanjaipi + «2P2 + PiQi + 
/?292,/3iP2 — /?2Pi}- In both cases L is degenerate. 

Thus the subalgebra C C su(l, 1)< P1 , P2 > is weakly-irreducible. Hence the subalgebra 
su(l,l) 

<pi,P2> — A ix C is also weakly- irreducible. Part 1) of Theorem [2 i Ll] is proved. 

2) Suppose that n > 1. Theorem 12.5.11 shows us that we must find all connected Lie 
subgroups F C Sim E that satisfy the conclusion of Theorem l2.5.1l Then for each subgroup 
F find all connected subgroups G C SU (1, n+l) <PltP2> with tt(T(G)) = F and check which 
of these groups act weakly- irreducibly on M 2 ' 2n+2 . Since all groups are connected, we may 
do some steps in terms of their Lie algebras. 

Step 1. First we describe non-complex vector subspaces L C E with span c L = E. Let 
L C E be such a subspace and Lq = L n JL. Let Li be the orthogonal complement to 
Lo in L. Obviously, Lo is a complex subspace and L\ n JLi = {0}. Since span c L = E, 
we see that span c Li is the orthogonal complement to Lq in E\ Thus Li is a real form 
of the complex vector space span c Li. We choose the above basis ei, e n , fi, f n in 
such a way that L = span R {ei, e m , fi, f m } and L x = span R {e m+ i, e n }, where 
m = dime Lq = dim^ L — n and < m < n. We have three cases: 

Case m = n. L = E is the whole space; 

Case m = 0. L = span R {ei, e n } is a real form of E; 

Case < m < n. L = span R {ei, e m , fi, f m } © span R {e m+ i, e n }. 

Step 2. Now we describe Lie algebras f of connected Lie subgroups F C SimL^ preserving 
L. Without loss of generality, we may assume that the Lie group F does not preserve any 
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proper affine subspace of L, i.e. F acts irreducibly on L, hence F acts transitively on L 
(Theorem 12. 2. ip . And we can describe all such groups and their Lie algebras. 

Case m = n. The Lie algebras corresponding to the transitive similarity transformation 
groups of type .4 1 and ip are 

f 1 ' 6 '- 41 = (A 1 ®B)kE, where B C u(n) is a subalgebra; 

p,fl,!P = { x + <p{x)\x G B}) x E, where tp : B -> A 1 is a linear map with (p\gi = 0. 

Now consider the Lie algebras of type ip. Here we have an orthogonal decomposition 
E = W U. Let Wi = W n JW, Ui = UnJU and let W 2 and C7 2 be the orthogonal 
complements to W\ and U\ in TV and f7, respectively. Obviously, W\ and C/i are complex 
subspaces of E, and W 2 and C/2 are mutually orthogonal real forms of the complex vector 
space span c W 2 = span c U 2 - We obtain the orthogonal decomposition of E: E = W\®U\® 
W 2 @U 2 . Let k = dime W\ and I = dimc(W r i©L r i). We choose the basis e\, e n , f±, /„ 
in such a way that 

Wi = span R {ei, ...,e fc ,/i, ...,/ fc }, fTi = span R {e fe +i, e z , / fc+ i, /j} and 
W 2 = span R {e /+ i, e n }. Then U 2 = JW 2 = span R {/ /+1 , f n }. 

The orthogonal part of a Lie algebra of type ip is contained in 50 (W) n u(n). Suppose 
A = (qb) G so (W) n u(n), then with respect to the decomposition 



E = E 



l,...,k 



E. 



k+l,...,l 



E, 



l+l,...,n 



E 



l,...,k 



E, 



k+l,...,l 



E, 



l+l,...,n 



the matrix A has the form 



/ 


Bi 













^ 












































Ci 








B 1 




























V 

















) 



. Consequently, so(W) D u(n) 



u(Wi) =u(k). 

Thus the Lie algebras corresponding to transitively acting groups of type ip have the form 



f 



n,B,^,k,l 



where 0</c<^<n, Be u(A;) and tp : B — > ; + -^fe+i ; + Ef +1 n is a surjective 

linear map with = 0. 

Case m = 0. We have L = Lq = span R {ei, e n } = E . If a subgroup F C SimE 1 
preserves L, then i 7 is contained in (A 1 x SO(L) x S , 0(L- L ' 7 )) A L. If F acts transitively 
on L, the we can describe the projection of F to (A 1 x SO{L)) X L, but the projection of 
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F to SO(L) x SO(L- L '') is also contained in U(n). We have 

(so(L)0so(L ± "))nu(n) = { ( f ° ) \B G so(L)} = soD(l, n). 

Hence, (50(L) x SO(L^n)) n £/( n ) = SOD(l, ...,n), where 50D(1, n) is the connected 
Lie subgroup of U(n) corresponding to the Lie algebra sot)(l, ...,n). Thus the projection 
of F to (A 1 x SO{L)) X L gives us the full information about F. 

The Lie algebras corresponding to the transitive similarity transformation groups of type 
A 1 and (p have the form 

f°' B ' Al = (A 1 © B) x S 1 , where £> C soO(l, ...,n) is a subalgebra; 

jO,B,ip _ | x _|_ g i5} x i^ 1 , where ip : B — > .A 1 is a linear map with = 0. 

For a Lie algebra of type ip we have an orthogonal decomposition L = W ®U . We choose 
the vectors e%, e n in such a way that W = span K {ei, e^} and ?7 = span R {e&+i , e n }, 
where = dimjR 

The Lie algebras corresponding to transitively acting groups of type ip have the form 

where < k < n, B C 30D(1, k) and ip : B — > n is a surjective linear map with 
Mb> = o- 

Case < m < n. In this case L = span c {ei, e m } © span R {e m+ i, e n }. Hence, 
L ±v = span R {/ m+ i, /„}. Suppose that 

A = (c ~b) e ( S0 ( L ) ©so(L- L ")) nu(n), 
then with respect to the decomposition 

E = El,...,m © ^m+l,...,n © ^l,...,m © ^m+l,...,n 
( Bi -Ci \ 

. Consequently, (5o(L)ffiso(L- L "))nu(n) = 



the element ^4 has the form 



o B 2 o o 
Ci o Bi o 
V B 2 J 



u(m) © 50D(m + 1, n). 

Thus, as in case m=0, the projection of an L-preserving subgroup F C SimE 1 to SimL 
gives us the full information about F. 

The Lie algebras corresponding to the transitive similarity transformation groups of type 
A 1 and <p have the form 
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r ,B,A' = (^i ® £) x (£i m + S 2 m + J, where 5 C u(m) © «oi)(m + 1, n) 

is a subalgebra; 

r> H,<, = {x + ^ {x) \ x eB} ^ {E 1^ + E 2^ m + ^ J, 
where </? : B — > .4 1 is a linear map with <^|g/ = 0. 

Now consider the Lie algebras of type tp. We have an orthogonal decomposition L = W®U . 
Let W\ = W n JW, C/i = U H Jf7, and let W2 and ^2 be the orthogonal complements 
to W\ and U\ in and U, respectively. We see that W\ and U\ are complex subspaces 
oi Lq = L C\ JL = span c {ei, e m }. For W2 and U2 we have W2 H JW2 = {0} and 
C/2 H JU2 = {0}. Denote by L\ the orthogonal complement to Lq in L and by L2 the 
orthogonal complement to Wi®U\ in Lo- We get the following orthogonal decompositions: 
L = Lq®Li = Wi®Ui®W 2 ® U 2 , Lq = Wi © Ui © L 2 and L 1 ®L 2 = W 2 ® U 2 . Let fe = 
dime Wi, I = dimc(W r i © Z7i) and r = dim R W 2 + I- We see that 0<k<l<m<r<n. 
We choose the basis e±, e n , f±, f n in such a way that 



Then 



W 1 = span c {ei, e k }, JJ\ = span c {e fe+ i, e;}, 
W 2 = span K {e i+ i, e m } © span R {e m+ i, e r }. 

U 2 = span R {/ /+1 , f m } © span R {e r+ i, e n }. 



Suppose that A = €. (so(W) x 5o(L ± ^)) n u(n), then with respect to the decom- 

position 

E = E ^ .,k © E k+i,...,l 



E l 



E l+i, 



E m+l,...,r 



E l+l,...,r£ 



E l.., k © E l + 1,.. 


,1© 


E l+1, 


..,m 9 


5 ^m+1,... 




















-Ci 











\ 



















































































B 2 






















the matrix A has the form 




































Ci 














Bi 














































































































B 2 









V 


























I 




Hence, (so(W) x so(L J -'?)) n u(n 


) = 


u 


(*)< 


B so9(m + 


1, 




r). 





Thus the Lie algebras corresponding to transitively acting groups of type ip have the form 

f m M ,l,r = {x + Hx)lx g m} ^ {E l^ k + E 2^ k + E l +i ^ m + Ei +1 _ r ), 
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where 0<k<l<m<r<n, Be u(k) © sod(m + 1, r) and 

ip : B —> E\ +1 ^ + E^ +l ^ ^ + Ef +l ^ ^ m + El +l ^ ^ n is a surjective linear map with ip\ B i = 0. 

Step 3. Here for each subalgebra f C LA(Sim22) considered above we describe subalgebras 
a of the Lie algebra LA(SimW„) with 7r(a) = f. 

Case m > 0. Let f C LA(SimE') be a subalgebra as above with m > 0. We claim that 
if for a subalgebra o C LA(SimW n ) we have 7r(a) = f, then a = f x C, where C = ker7r. 
Indeed, the projection tt : LA(SimW n ) — ► LA(SimE') is surjective with the kernel C, 
consequently, if 7r(a) = f and o does not contain C, then a has the form {x + C( x )\ x £ f} 
for some linear map £ : f — > C. Suppose that f ^ pv^*, then we choose z\, z% G f D E with 
lmg(z 1 ,z 2 ) + 0. This yields that [z x + CC*i), *2 + C,(z 2 )\ = -21m g(z 1: z 2 ) G C. Iff = f m > 4 '*, 
then we can choose z G f fl E and x G 3(B) with Img(^^(i)) 7^ 0, or xi, ^2 G $(B) with 
lmg( , 0(a;i), ^(^2) 7^ 0. For each subalgebra f C LA(Sim.E) considered above with m > 
we define the Lie subalgebra 

a m '* = P* xC C LA(SimW n ). 

Case m=0. For each subalgebra f C LA(SimE) considered above with m = we have 
the following two possibilities: 

Subcase 1. Here we have a '* = f '* x C. 

Subcase 2. The Lie algebra a does not contain C. Hence a has the form {x + C( x )\ x £ f} 
for some linear map : f — > C For each f '* we will find all possible £. Since a is a Lie 
algebra, we see that £ vanishes on the commutator f . 

Subcase 2.1. Consider f' B ' A ' = (A 1 © B) x E 1 , where B C sot)(l, ... , n) is a subalgebra. 
Since (f - 1 - 6 )' = E 1 + B', we obtain Clfii+S' = 0. Let a G .A 1 and x G 3(B). From 
[a + £(a),a; + C( x )] = a C( x ) ^ C, it follows that Cla(S) = 0- Thus £ can be considered as a 
linear map £ : A 1 — > C. For any linear map C, : A 1 — > C we consider the Lie algebra 

Subcase 2.2. Consider f°' B * with </? = 0, i.e. f°' S '° = Bk E 1 , where B C soO(l, n) 
is a subalgebra. We have (f ' 2 ' 6 )' = B' + span{x(ii)|x -E 11 }- Choose the vectors 

d, ...,e n so that n is the subspace of E 1 annihilated by B and E\ iQ is the or- 

thogonal complement to Ej +1 n in E . The Lie algebra B is compact, hence £> is totally 
reducible and E\^ iQ is decomposed into an orthogonal sum of subspaces, on each of these 
subspaces B acts irreducibly. Thus, span{x(u)|x 6B,«6 E" 1 } = E\ ■ , and £ can be con- 
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sidered as a linear map ( : %(B) © Ef Q+l n — ► C. For any linear map ( : B © Ej Q+1 n — ► C 
with C\b' = we define the Lie algebra 

a o,s^=o,*o,c = {x + ax) \ x € B e E i o+h n} ^ /,•; /V 

Subcase 2.3. Consider f ' 23 '^ = {x + </?(x)|x G 23}) x E 1 , where £> C so3(l, n) and 
99 : B —> A 1 is a non-zero linear map with ip\j3' = 0. As above, we can show that 
(f' B 'Vy = E 1 + B'. Hence ( is a map C : + <p(x)\x G 3(B)} -> C. Denote by the same 
letter £ the linear map ( : ^(S) — ► C defined by ((x) = ((x + f(x)). Let x\,X2 G l{B) 
we have [x\ + </?(xi) + (,{x{), ^2 + ^(^2) + C( x 2)] = ( p(.xi)C(x 2 ) — ^(a^KO^i) G Hence, 
</?(xi)C(x2) = (^(x2)C(2 ; i)- I n particular, if y>(ar) = 0, then £(x) = 0. Hence, ker 92 C ker£. 
Conversely, if ker</? C ker£, then <^(xi)C(^2) = l f( x 2)((xi) for all xi,X2 G h{B). 

Let io be as in Subcase 2.2. For any linear map £ : £>©-E^ o+1 n — > C such that ker </? C ker £ 
and CI pi = we consider the Lie algebra 

»n+l,...,n 



,»o" 



Note that the Lie algebras a ' 3 '^ ^ for ip = and ^ / are defined in the same way. 
Subcase 2.4. As above, for the Lie algebra 

where < A; < n, B C soO(l, k) and ^ : B — > n is a surjective linear map with 

V'Ib' = 0, we can prove that the map £ vanishes on B' + E\ iQ , where iq is as in Subcase 
2.2. For any linear map ( : B © Ej o+1 k — > C with £|b' = we consider the Lie algebra 

f 0M,i ,C = {x + ^ {x) + c(x))x G 5} © {ti + C(u)|« G X 4..., J0 . 

Step 4. For each subalgebra C LA(SimW n ) constructed above consider the subalgebra 
r x (a) C su(l,n + 1)< P1 , P2 >. Note that we have r (Af£ t J = E^, T (^ J = E\ p 
ro(»4 1 ) = A 1 and Tq(C) = C, where we consider A 1 and C as the subalgebras of su(l,n + 
l)<pi,p 2 > as weu as °f LA(Sim 7i n ). Let a m,B C LA(SimW n ) be any subalgebra constructed 
above with the associated number < m < n and the associated subalgebra B C u(m) © 
sod(m+ 1, .., n) = su(m) ©RJ m ©so5(m+ 1, n). We have r| su( - n ) = id su ( n ), where su(n) 
is considered as the subalgebras of su(l,n + l)< pi ,p 2 > an d of LA(SimW ra ). Furthermore, 
since J m - fJ n G su(n), we have r„ \j m ) = T^ l (J m - fj n ) + ^ \j n ) = J m - fj n + 
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*Io = Jm~ f J n + f (0,-^,0, £- 2 E n , 0,0,0) =J m - jfrj. Let f, = pr^ToHa) = 
pr u(n) ro\B) C su(m) © R(J m - ^J„). Thus, 

r 1 (B) = {(0, -\ tr C, 5, C, 0, 0, 0)| ( g B c 

For the Lie algebra a m,i) '^' k,l,r with < m < n we have B C su(&:) ©RJfc ©sofl(m + 1, ...,r), 
consequently, fj C su(fc) © M(Jfc — j^Jn) ffisot>(m + 1, ...,r). For the Lie algebra a n ' [, '^' k ' 1 
we have S C su(k) © RJ fc , hence, f) C su(k) © R( J fe - ^ J n )- For the Lie algebra a°' i) '^' k 
we have C 50D(1, k), hence fj C S05(l, fe). We denote Tq 1 ^ 171 ' 13 '*) by g" 1 " 6 '*. 

Thus we obtain a list of subalgebras of su(l,n + l)< Pl ,p 2 >- From proposition 12.4,11 
and Theorem 12.5.11 it follows that this list contains all weakly-irreducible subalgebras 
of su(l,n + l)< Pl ,p 2 >- Example 12.4.31 shows that this list contains also subalgebras of 
su(l,n + 1)< P1 p 2 > that are not weakly-irreducible. Here we verify which of the subalge- 
bras Tq x (o) C su(l,n + l)< Pl ,p 2 > are weakly-irreducible. 

The subalgebras of the form q™ 1 ^^ 1 an( ^ gm,f),<^ wriere < m < re contain Af 1 + C, hence 
these subalgebras are weakly-irreducible. 

Lemma 2.6.1. The subalgebras of the form g°'^' k ; g™>M> k >hr an d gnfofrkj are wea ^i y . 
irreducible. 

Proof. Let g be any of these subalgebras and suppose preserves a proper vector subspace 
L C R 2 ' 2n+2 . As in Example 12.4, H we can show that if (ai, a%, a, /3, b\, 62) G L, then we 
have — &2P1 + bip2 6 L and b\p\ + &2P2 6 L. We suppose that L C Rpi © Rp2 © E. 
Let u = (ai, 02, a, /3, 0, 0) G L. We assume a / 0. If the projection of a to W is non- 
trivial, then we denote this projection by w. Applying the element (0, 0, 0, 0, w, 0,0) G g 
to v, we obtain w t api + w t (3p2 G L. Consequently L is degenerate subspace. Suppose 
that the projections of a and (3 to W are trivial and the projection of a to U is non- 
trivial, then there exists an element x G 3(f)) such that ip{x) = (0,0,0,0,^,0,0), where 
u G U is equal to this projection. The element x G 3(f)) has the form x% + fx(Jk — 
^2 J„), where X\ G BU(A;) © sod(m + 1, r) (resp. x\ G su(/c) and x\ G 500(1, &)) for 
the Lie algebra Q m MAl,r (resp. g°^' k and g n >W> fc >*), ^ = or 1 for the Lie algebras 
^m,\),ii),k,l,r anc j gn,f),il>,k,l ^ an( ^ ^ = for the Lie algebra g°'^' k . Consider the element 
X = (0,-^,B 1 ,C 1 + f i(J k -^J n ),u,0,0,0) Gg, where (g = a*. Applying the 
element 1 to u we get 

^ = (^«2 + «*a, -^a 2 + «*/?, -^a, 0, 0) G L, X 2 t; = 

(^(-^a x + Jfeu% "^(^2«2 + «'a) - fata, -(^) 2 a, -(^) 2 A 0, 0) G 
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L. Hence if fj, = 1, then u + (£^) 2 X 2 v = (2^u*/3, 2^u*a, 0, 0, 0, 0) G L. If // = 0, then 
It) = (u*a, u*/?, 0, 0, 0, 0) G L. 

Thus the subspace L C IR 2 ' 2n + 2 is degenerate and the lemma is proved. □ 

We are left now with the Lie algebras of the form g '^" 4 >C, g°>f>>¥>>«o,C anc [ gO,fj,^,fc,Jo,C_ 



Lemma 2.6.2. TTie subalgebra c su(l,n + l)< Pl , P2 > «s no£ weakly-irreducible. 



Proof. The Lie algebra g '^ 1 ^ preserves the non-degenerate proper vector subspace 
span R {pi +p 2 , ei + /i, e n + /„, q 1 - §p 2 + 92 + §Pi} C M 2 ' 2n+2 . □ 



Lemma 2.6.3. The subalgebra g°>&>v>*ojC c su(l,n + 1)< P1 , P2 > is weakly-irreducible if and 
only i/CI 3 (f,) / and ^ = 0. 



Proof. If <p / 0, then g°>&>v> l ojC preserves the non-degenerate proper vector subspace 
span R {pi +p 2 , ei + /i, e„ + / n , gi - ^yp 2 + Q2 + sf^yPi) c ^ 2 ' 2n+2 , where A G 3(h) 
is a non-zero element that is orthogonal to ker tp. 

Now assume that ip = 0. Suppose that Clj(lj) = 0. If C = 0, then q^^oX preserves the 
non-degenerate vector subspaces span K {j>i +P2, &\ + fi, e n + fm 1i + Q2} C R 2 ' 2n + 2 and 
span R {pi — j»2; ei — /1, e n — /„, gi — 02} C M 2,2n+2 . If £ ^ 0, then we choose the vectors 
ej 0+ i,...,e n so that Clspan{e; + i,...,e„_i} = 0- Then g°> 2 >&> l °>C preserves the non-degenerate 
vector subspace span R {pi + p 2 , ei + /1, e n + /„, gi + g 2 - 2C(e n )e n } C M 2 ' 2n+2 . 

Suppose that (\ } (t)) 0- Let x = ^) G 3(f)) with £(x) / 0. Since 73 G so(n), we 

\ 



can choose the basis e\, e n so that B has the form 



/ —\\ 

1 Ai 



V 



-A s 
A s 



, where 



/ 



2s < io and Aj 7^ 0. 

Suppose that g 0,2 ''''* ''' preserves a proper vector subspace L C ]R 2,2n+2 . Let w = (a±, a 2 , a, /3, 61, 6 2 ) G 
L and X = x + C(z) G 0°.fcv.<o,C. We have 
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— A s a a 
A s a s -i 






-Ai/3 2 
Ai/3i 

-A S /3 S 
A s /3 s -i 





V o J 






Af(Aiai) 

A^(-A s a s ) 
A2(A s q s _i) 




A?(-Ai/3 2 ) 
Af(Ai/3i) 

A? S (-A 3 /3 S ) 
A2(A s /3 s _!) 








6 L, 






A? 3 (-Aia 2 ) 
Af s (Aiai) 

A^(-A s a s ) 
A2=(A s a s _i) 




A? s (-Ai/3 2 ) 
A? s (Ai/?i) 

A? S (-A S /3 S ) 
A2"(A s /3 s _x) 








The vector — C( x )b2Pi + C( x )°iP2 can by decomposed into a combination of the vectors 
Xv, X 3 v,...,X 2s+1 v 6 L, hence — 62P1 + ^iP2 £ The end of the proof of the lemma is 
as in Example 12.4.11 □ 

Lemma 2.6.4. The subalgebra g '&'V',fc>*o,C su (l, n + 1)< P1 , P2 > weakly-irreducible if and 
only if C| 3 (|,) / 0. 

The proof is similar to the proofs of Lemma 12.6.11 and 12.6.31 □ 

Now for the Lie algebra g^W'MoiC we assume that Cla(f)) 7^ 0. Obviously, this Lie algebra 
has the form g ' W' fc/ ' J o,C where C'If 1 = 0- We will denote this Lie algebra by 

i +l,...,k' 

°'W,fc,C'. Consider the Lie algebra g '^>^ suc h that CIf 1 / 0, (l (tl) and 

</? = 0. Obviously, this is the Lie algebra of the form g°> fc >C_ Thus we may restrict our 
attention to the Lie algebras g ^* 3 ' 10 ^ such that CIf 1 = 0> ClafM / an d V 9 = 0- We 

denote such Lie algebra by g '^. 

The theorem is proved. □ 



Chapter III. Classification of the holonomy algebras and constructions 

of metrics 



In this chapter we give the classification of the holonomy algebras of pseudo-Kahlerian 
manifolds of index 2. For each weakly-irreducible not irreducible holonomy algebra q we 
construct a polynomial metric with the holonomy algebra q. The results are stated in 
Section 13.11 In the other two sections we give the proofs of the theorems. 



3.1 Main results 



In the following theorem we give the classification of the weakly-irreducible not irreducible 
holonomy algebras of pseudo-Kahlerian manifolds of index 2. We use the denotation from 
Section 12.11 

Theorem 3.1.1. 1) A subalgebra Q C u(l,l) is the weakly-irreducible not irreducible 
holonomy algebra of a pseudo-Kahlerian manifold of signature (2,2) if and only if Q is 
conjugated to one of the following subalgebras o/u(l, l)< PljP2 >: 



n=0 



U(l,l) 



<Pl,P2>> 



A 1 ® A 2 



( 


ai 


-02 








\ 




02 


"1 


















-aj 


— 02 




V 








02 


-01 


/ 



f)0[^ 2 ={(a 7l ,a 72 ,0)|aeR}KC 



/ 071 
072 





-072 
071 







—071 
072 





-072 
-071 ) 



a, c S - 



where 71 , 72 £ 



2) Let n > 1. Then a subalgebra q C u(l,n + 1) is the weakly-irreducible not irreducible 
holonomy algebra of a pseudo-Kahlerian manifold of signature (2, In + 2) if and only if g 
is conjugated to one of the following subalgebras o/u(l,n + 1)< P1 , P2 >.' 
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m.u^.A 2 _ 



(A 1 © A 2 © u) x (M 1 + A/"i m + C) 
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21 


2 2 G M m , 
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G R n - m , 















a,2E„— m 
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— ai 


— (12 






























02 


-ai 


/ 







where < m < n and u C u(m) is a subalgebra; 
^ 0{ m,n,A\4> = {( ai ,<t>(B,C),B,C,0,0,0) +<p(B,C)J m+1 _ n \ ai GR,(* B c ) G u} x (AA 1 + 



A^+l,...,n+C) 







ai 


-0(A) 


2 1 


~/t 
2 1 


-Z< 
Z 2 
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\ 






0(A) 


ai 


z 2 
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z l 


-It 
2 1 
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21 
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-0(A)£ n _ m 
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22 


21 

















0(A)£ n _ m 











4 


























-ai 


-0(A) 


























0(A) 




/ 



ai, c G K, 
21,22 G R m , 
z[ G R"-" 1 , 
A = 



where < m < n, u C u(m) is a subalgebra and 4> : u — > R is a linear map with 

1>\vi = 0; 



i)or ,«,^0 = {(^0,^,0,5,0,0,0,0) +<KB,C)J m+Wl |(g- i f) G u} x (AA 1 + 

""m+l,...,™ 



c G R, 
zi, 22 G M. m , 
z[ G M n - m , > 
A = 

(g- S C )6« 



where < m < n, u C u(m) is a subalgebra and (p, <f> : u — > R are linear maps with 
<f\u' = 4>\w = 0; 
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-4 


-It 
*1 


-z* 
z 2 








-c \ 


0(A) 


¥>(A) 


4 





-2* 

z l 


_/< 

2 1 
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22 
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0(A)£„_ m 
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-0(A) 


V o 

















0(A) 


-V(A) ) 



¥r ,u,<pA* = {(ip(B, C), a 2 ,B, C, 0, 0, 0) + a 2 J m+Wl |a 2 G R,(g B c ) G u} k (AA 1 + 
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m+1, 



+ C) 
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where < k < I < n, u C u(k) is a subalgebra such that dim 3(11) > n + I — 2k, 
ip : u — > E\ +l t © t © Ef +1 n is a surjective linear map with ip\ u ' = 0, 

ipi = pr E i oip, ip 2 = pr^a oip and ^3 = We 2 °Vv 



fjot 



m,u,ip,k,l,r 



{(o,o,b,c,mb,c) + mb,c),mb,c) + mb,c),o)\ Gu} 
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where 0<k<l<m<r<n, < m < n, uC u(k) is a subalgebra such that 
dimwit) > (n + m + I - 2k - r), ip : u -» £^+1,...,* El +1> l 
is a surjective linear map with tp\ u i = 0, ipi 

^3 



P r ^ + l....,«°^ V>2 



,m ® ^V+l,...,n 



pipj2 oip f and ^4 

Z+l, .. .,m 



r + l,...,n 



We see that to each weakly-irreducible not irreducible holonomy algebras fjo[ C u(l,n + 

1) <Kpi,Rp 2 > an integer < m < n and a subalgebra u = pr u( - m ) f)ol C u(m) are associated. 
Recall that a pseudo-Kahlerian manifold is called special pseudo-Kahlerian if its Ricci 
tensor is zero. This is equivalent to the inclusion i)ol x C su(T x M, g x , J^f). 

Corollary 3.1.1. 1) A subalgebra q C su(1,1) is the weakly-irreducible not irreducible 
holonomy algebra of a special pseudo-Kahlerian manifold of signature (2, 2) if and only if 
g is conjugated to the subalgebra C C su(l, l)<pi, P2 > or t° su (li 1)<pi,p2>- 

2) Let n > 1. Then a subalgebra q C su(l,ra + 1) is the weakly-irreducible not irreducible 
holonomy algebra of a special pseudo-Kahlerian manifold of signature (2, 2n + 2) if and 
only if q is conjugated to one of the following subalgebras of su(l,n + l)< Pl ,p 2 >-' 



t )or ,u,A\4> > f, o[ m,W w ithcJ)(B,C) 



1 



n— m+2 



trC; 



^ o[ n,u,^,k,l ; ^ or ,^,k,l,r with uCSu(k). 



Now we construct an example of metric with the holonomy algebra rjol for each Lie algebra 
from Theorem 13. 1.11 

Let < m < n and u C u(m) be a subalgebra. Denote by L C E the vector subspace 
annihilated by u. We can choose the basis e±, e n , fi, f n in such a way that L = 
span{e no+ i, e n , f no +i, fn}, where dimL = 2(n — no). Then u C u(no) and u does not 
annihilate any proper subspace of E\^.^ no . Let us consider a basis A\ = ( ^ ~ B 1 },...,An = 
( Cn ~Bn ) °f the vec t° r space u such that A\, AiVi is a basis of the vector space u' and 
A/Vi+i, An is a basis of the vector space 3(11) (N = dimu, Ni = dimu'). We denote 
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by (-Bqj)"° =1 and (C^)™° =1 the elements of the matrices B a and C a , respectively, where 
a = 1,...,N. 

Let x 1 , ...,x 2n+A be the standard coordinates on R 2n+A . Consider the following metric on 

R 2n+4. 

2n+2 2n+2 

g = 2dx 1 dx 2n+3 + 2dx 2 dx 2n+A + ( dxi f + 2 E uidxidx2n+A 

i=3 i=3 

+ h ■ (dx 2n+3 ) 2 + h ■ (dx 2n+4 ) 2 + 2hdx 2n+z dx 2n+ \ (14) 

where u 3 ,...,u 2n+2 , /i, /2 and /3 are some functions which depend on the holonomy algebra 
that we wish to obtain. 

For the linear maps <p, 4> '■ u — ► R we define the numbers <^ Q = <£>(.A a ) and 4>a = 4>(A a ), 
a = Ni + 1, A/". For the linear map ipi : u — ► -E^+i ; we define the numbers V>im such 
that V'i(^a) = J2i=k+i ^lai&i-, a = N\ + 1,...,N. We define analogous numbers for the 
linear maps ip2, ^3 an d ip&- 
Define the following functions 



no I I N 1 no 

/° =/i+E E^E (^' +2 - cj,-x^ 2 ) (*-+ 3 r ] +- 

i=l \ \a=l " j=l 

'AT n 

E^E(^ n+J+2 +^' +2 )( 3 

/ 3 ° =o. 

For the maps 99 and (j) define the functions 

N N 



a=AT 1 +l a=7Vi+l 

j+2^2 



(x 2n+3 )a -l / 2 



a=ATi+l v 7 \ i=m+l 
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ft= E *Mr ^«+ E(-" +i+2 ) 2 

a=7Vi+l V ' \ i=m+l 



v y i=m+l / 



(x 2n+3 r -l / 2 



a=JVi+l V \ i=m+l / 

For K = N + 1, N + 2 we define the functions 



v 7 \ i=m+l 



(if-i)r ; U* 

v ' \ i=m+l 



ft* =jv^vy n+3 ) K - 1 ( i^* 2n+3 + e <* n 

(a + 1) 



j+2\2 



^ j_ y i+22 + {xn+i+2 , 2 , 



i+2 x n+i+2 



m+1 

# 3 -* = ]_ (x^+Y' 1 (-^x 2 x 2n+3 + E x t+2 x n+t+2 

^ >' V i=m+l / 

For any numbers 1 < m\ < mi < n consider the functions 

m 2 m 2 

fm 2 \ / 2 2 \ 7 m2 ?m2 ?m2 o \ 

Jlmi ~~ V X «+2 ~~ x n+i+2j) V2mi ~~ "Jlmii /3mi — Z ^ X 

i=m\ i=m\ 

For any numbers < m\ < mi < n and if > iV + 1 consider the functions 

fKm 2 _ _ ST~^ Z n+i+2( 2n+3\K+i-m 1 fKm 2 _ _fKm 2 

Jlmi - (K + i-mi)\ ' 2mi ~ lmi ' 

i=mi 

XfsTm 2 _ _ Z „i+2(„2n+3\K+i-mi 

h mi ~ 2^ {K + l _ mi)[ x ^ X > 

i=mi 

For the Lie algebra t)ol n ' u '^ ,k ' 1 we consider the functions 

N / 1+2 1+2 n+2 \ 

ft* = E ^ E ^* n+l - E ^ - E ***** (^ 2n+3 ) a ' 

a=JVi+l ' \j=fc+3 i=fc+3 i=«+3 / 

J 2 — ~ J I J 



AT / 1+2 1+2 n+2 \ 

: E ^| - E " E V^"^ - E ^3a^" +i (x 2 " +3 ) a . 

q=ATi+1 ' \ i=fc+3 i=fc+3 i=«+3 / 
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For the Lie algebra ^ol m,u '^' k,l,r we define the functions 

N / 1+2 n+2 

= E i\ E ^-* n+l + E ^x n+i 

a=Ni+l ' \i=k+3 i=r+3 



1+2 rn+2 \ 

- ^ ~ E ^oi^* ] 

j=fc+3 i=Z+3 / 



=fc+3 i=l+3 

rm,^ f'm,'4> 

J2 — ~ J I > 

JV / 1+2 n+2 

^ = E ^ - E vwr* - E ^ 

a=JVi+l ' \ j=fc+3 i=r+3 



Z+2 m+2 

£ ^x n+l - ^x n+l ) (. 
•;=fe+3 j=/+3 



X 2n+3 ) Q . 



Define the functions u 3 ,...,u no+2 , u n+3 ,...,u ra+no+2 as follows: 

:V +2 -C^V^' +2 ) | (x 2 " . 



u = 

a 



u n+i 



N /no 

a=i a - \j=l 
N / no \ 

E ^ E^, v '-'- 2 + ^ v+2 ) (x 2 «+ 3 r, 

a=l • \j=l / 



where 3 < % < uq + 2. 

For the Lie algebras fjoP™'"'" 41 ^ and fiof" 1 ' 11 ^"- 42 we set in addition 

_ _ 1 n+i/ 2n+3\AT+2 

" (iV + 2)! X 1 j ' 

n+i _ 1 i/ 2n+3\JV+2 

U "(7V + 2)! lX > ' 

where m + 3<i<2n + 2. 

For the Lie algebras fjor^ 1 -* and fjor-"'^ we set 

2n+3\a 



a=l 

where m + 3 < i < 2n + 2. 
For the Lie algebra f)ol m ' u ' A we set 



^— ' a! 

a=l 
^ 1 

u n+i =7"— Q z i (a; 2n+3 ) a , 
^— ' a! 



,i _ _ _J_\ T n+i/ T 2n+3^+l 

u ~ (N + iy AX [x ' ' 

,.n+i _ _ \„i/'„2n+3\Ar+l 

n -(AT + i)! Ax ^ j ' 
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where m + 3 < i < 2n + 2. 

We assume that the functions u l that were not defined now are zero. 

If we choose the functions fi, fi and /3 such that /i(0) = /2(C)) = /3(C)) = 0, then for the 
metric g given by (|14p we have go = r] and we can identify the tangent space to M 2ri+4 at 
with the vector space R 2 ' 2n+2 . 

Note that if n = 0, then 

g = 2dx 1 dx 3 + 2dx 2 dx i + /1 • (dx 3 ) 2 + f 2 ■ (dx*) 2 + 2f 3 dx 3 dx 4 . 

Theorem 3.1.2. Let f)o[ be the holonomy algebra of the metric g at the point E M 2n+4 . 
1) Let n = 0, then ho[ depends on the functions f\, fi and f$ as in Table W^l.tt 



Table 3.1.1. Dependence of fjolg on the functions f\, fi and for n = 



fi, (* = 1,2,3) 


JjoIq 


fx = -2x 2 x 3 - x l {x 3 ) 2 , f 2 = -h, h = 2x x x 3 - x 2 (x 3 ) 2 




h = (x 1 ) 2 - (x 2 ) 2 , h = -h, h = 2xV 




fi = -2^ix 2 x 3 - 2>y 2 x l x 3 , h = ~fi, h = 2>y 1 x l x 3 - 2^ 2 x 2 x 3 




fi = (x 4 )\ /2 = /3 = 


hr-rTl =0,72=0 

9 ol n =0 



2) Let n > 0, then t)ol depends on the functions f\, f 2 and f 3 as in Table W^l.Si 



Table 3.1.2. Dependence of fjolg on the functions f\, f 2 and f% for n > 



fi, = 1,2,3) 


t)0l 


f _ f -4\iV+l , f A 2 ,N+2 , , f m , f N+3 n 
Ji — Ji t 3% ' Ji ' Jino+1 t Jim+1 




f _ jv^.JV+I , f (j> , f 1 fm 1 f n 
Ji — Ji > Ji > Ji > Jin +1> Jim+1 




f — fV 1 fA 2 ,N+l , f , f m , X2V+2 n 
Ji — Ji > Ji ' Ji ~r 7j no+1 ' Jim+1 




t _ tf 1 f 1 f 1 f m , n £2V+1 n 
■/« "T Ji ' Ji ' Jino+1 ' Jim+1 Jim+1 




f p^.JV+I , , f _4 2 ,JV+l , f , f m I IN +2 n 

Ji — Ji ~T~ A Ji ~i~ Ji "T Jin +1 "T J im+1 




f _ fO . fk 1 fn,V> , fJV+ln 
Ji — Ji ~T Jino+1 ' Ji ' Jil+1 


^[n^fc,/ ^/dim 3 (u) >n + /-2fc; 


f _ f . f k 1 fm,ijj , fN+lr 
Jt — Ji 1 Jino+1 "T J j 


^rrt,u,')/,,fc,Z,r 

^ z/ dim 3 (u) >n + m + / — 2/c — 
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3.2 Proof of Theorem 13.1.11 



In this section we will prove that the Lie algebras of Theorem 13.1.11 exhaust all weakly- 
irreducible Berger subalgebras of u(l,n + l)< Pl ,p 2 >, i.e. all candidates for the holonomy 
algebras. The rest of the proof of Theorem 13.1.11 will follow from Theorem 13.1.21 

Now we will describe the spaces of curvature tensors TZ(q) for subalgebras g C u(l,n + 
l) <PliP2 >. We will use the following obvious fact. Let fi C C so(r,s), then 

R e K(h) if and only if R G TZ(f 2 ) and R(R r ' s A R r ' s ) C fi. (15) 
First we will describe the space TZ(q u ) for the Lie algebra 



> C so(2,2n + 2)< pl ,p 2 >. 



Here u C u(n) is a subalgebra and so(2, 2n + 2) <pijP2> is the subalgebra of so(2, 2n + 2) 
that preserves the isotropic plane Rpi © Rp2- 

Using the form 77, we identify so (2, 2n + 2) with the space 

R 2,2n+2 A R 2,2n+2 _ span { M /\ v = u & v - v ® u \ u , V £ R 2 ' 2n+2 }. 

The identification is given by the formula 

(u A v)w = rj(u, w)v — rj(v, w)u for all u,v,w S M 2,2n+2 . 

Similarly, we identify so(n) with E A E C R 2 < 2n + 2 a M. 2 ' 2n+2 . It is easy to see that the 
element 
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-Ol 
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02 
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corresponds to 

-a 1 (p 1 Aq 1 +p2/\q2) + a 2 (pi/\q2-P2/\qi) + A+piAX+p2/\Y + cp 1 Ap2 G R 2 ' 2n+2 AM 2 ' 2 " 4 " 2 . 
Thus we obtain the following decomposition of q u : 
q u = (R( Pl Aq 1 + P 2/\q 2 )®R(piAq2-p2Aqi)®u) X (pi A £ + p 2 A E + R Pl Ap 2 ). (16) 
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By analogy, we have 

u(l, n + 1)< P1 , P2 > = (M(pi A ft + p 2 A ft) © R(pi A ft - P2 A ft) u(n)) 

x({pi A x + p2 A Jx|x G E 1 } + {pi A Jx - p2 A x\x £ E 1 } + Rpi Ap 2 ). 

The decomposition ]R 2 ' 2n + 2 = Mp x + ]Rp 2 + i£ Kft + Rft gives us the decomposition 

R 2,2n+2 AR 2,2n+2 _ R ^ A(?1 +p 2 Aft )+R(pi Aft-p 2 Aft)+R(pi Aft-p 2 Aft)+R(pi Aft+p 2 Aft) 
+ £ A £ + pi A E + p 2 A E + ft A £ + ft A £ + Rpx A p 2 + Rft A ft. (17) 

The metric rj defines the metric n A rj on R 2 > 2n + 2 A R 2 ' 2n+2 . Let i? G 7£(5 U )- It can be 
proved that 

T) A 7](R(u Av),z Aw) = rj A 7?(i?(z Aic),hA w) for all u, v,z,w G R 2,2n+2 . (18) 

This shows that R : R 2 - 2n + 2 Al 2 - 2n+2 -> g u C R 2 > 2n + 2 AR 2 ' 2n+2 is a symmetric linear map. 
Hence R is zero on the orthogonal complement to g u in M 2 > 2n + 2 A R 2 ' 2n+2 . In particular, 

R\R(piAq 1 -p2Aq 2 )+^(pi/\q2+P2/\qi)+RpiAp2+PiAE+p 2 AE = 0. (19) 

Thus R can be considered as the linear map 

R : R(pi A ft + p 2 A q 2 ) + R(pi A q 2 - p 2 A ft) + E A E + ft A E + ft A E + Rft A q 2 

-> g u = (R(pi A ft + p 2 A ft) R(pi A ft - p 2 A ft) © u) x (pi A £ + p 2 A £ + Rpi A p 2 ). 

Consider the following set of subsets of R 2 ' 2n + 2 A R 2 ' 2n+2 , 

T = {R(pi A ft + p 2 A ft), R(pi A ft — p 2 A ft), u,pi A E,p 2 A E, Rpi A p 2 }. 

For any F £ J 7 we set 

R F = pi F oR: R 2 ' 2n + 2 a R 2 ' 2n + 2 F, 
where pi F is the projection with respect to the decomposition (fTBj) . Obviously, 

Note that from (US]) it follows that R(pi A ft) = R(p 2 A ft) and R(p\ A ft) = -R(p 2 A ft). 
Using the Bianchi identity, (I18p and (I19|) . it is easy to show that R can be found from 
Table 3.2.1 on page ESI where on the position (u A v,^) stays the value Rf{u A v). 
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In Table 3.2.1 we have x,y G E, Ai,...,A 5 G E, K X ,K 2 ,L X ,L 2 G Hom(R, E),R U G 72,(u), 

J r](P(u)v, w) + r]{P(v)w, u) + r)(P(w)u, v) = 

™l, ™2 G ^(u) = < P G Hom(£,u) 

for all u,v,w *E E 

T X ,T 2 G Hom(S,S), Tj* = Ti, T| = T2 and S" G Hom(E, E) is a linear map such that 
S - S* G u. 

It is easy to show that for any elements as above the linear map R G Hom(R 2,2n+2 A 
R 2 ' 2n+2 ,S U ) defined by Table 3.2.1 and CED satisfies R G K(q u ). 

For any < m < n and u C u(m) © sot)(m + 1, n) consider the subalgebra 
g m,u = ( R ( pi A qi + p2 A e M ( pi A ^2 — P2 A gi + J m +i,...,„) © u) 

x({pi A 2; +p 2 A Jx|x G E 1 } + {pi A Jx - p 2 A x|x G ^1... m } + Rpi Ap 2 ) 
C u(l,n+ l)<p 1)P2 >. 

For the u(n)-projection of the Lie algebra g m,u we have pr u ( n ) Q m ' u = u©R J m +i,...,n- Let us 
consider a curvature tensor R G 7£(g m ' u ). Since Q m,u C g u ® KJ ™-+i.-n ) to decompose R we 
can use (USD and Table 3.2.1. For ^ G Hom(R, £) let K { = pr^i and K\ = pr E2 oK x . 
Then K x = K{ + K\. For S 1 G Hom(£, E) let 

= P^ 1 °S\e^ S 12 = pr^i o5| B a, S 21 = pr s2 o5| B i , S 22 = pv E 2 oS\ E 2 

and extend these linear maps to E mapping the natural complement to zero. We get the 
decomposition S = S 11 + S 12 + S 21 + S 22 . For P x G V{u) let Q x = P* G Hom(u,£), 
Q\ = pr E i 0Q1 and Q 2 = pr E 2 oQ 1 . Consequently, Q x = Q\ + Q\. Consider the anal- 
ogous decompositions for the elements K 2 ,L X ,L 2 G Hom(R, E), Q 2 = P 2 G Hom(u,E), 
T X ,T 2 ,S* G Hom(£, E). Using the condition R(R 2 > 2n+2 A R 2 > 2 ™+ 2 ) c g m ' u , we obtain 

K$ = JKj, K\ = JKl Kl(l)eEl_ m , K 2 (l)eE 2 _ m (20) 

Ql = JQl Q\ = JQl Q?(i) £ E l,..., m ( 21 ) 
if 1 = -js 21 , t\ 21 = -J5 11 , 

^ 1 (^f,...,m) c E X ,...,m-> S 21 (Eh, +1 ^ n ) c E m+X ,..., n , (22) 

(23) 
(24) 
(25) 

L 2 = JLi, Li = JL 2 , L 2 (1)GE 2 . (26) 



Tf = 


-JS 22 , 


T 22 


= -JS 12 , 


S 22 (E) c E\_ m , 


T 2 n = 


JS* 21 , 


t->21 
1 2 


= JS* 11 , 


S* 21 (E)cE 2 _ m , 


T 2 12 = 


JS* 22 , 


rn22 

2 2 


= JS* 12 , 


S* 22 (E) c E\_ m , 
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From ([21, HMD, dMD, (ES]), and the fact that T{ = T x and T| = P 2 it follows that 

{s 22 y = js u j, (s 12 y = js 12 j, (s 21 y = js 21 j, 

S U (E 1 ) c m , S 12 (E 2 ) C E 1>m . S 21 (E lt m ) C E 2 iTn . 
Since pr R (p lAg2 _p 2Agi) P(ft A g 2 ) = A 3 (pi A 92 - P2 A ft), we see that 5' 21 |i?^ +li n = 

m + l,. .. ,n 

Using (J2U), we get Q 2 = JQi, i.e. P 2 * = JPf Hence, P 2 =PyJ*. Thus, P 2 = -Pi J. 

Since P r R( Pl Ag2-P2Agi) R(EAE) = {0}, from Table 3.2.1 it follows that pr u / n ) P(PAP) C u. 
It is well known that from the inclusion u C u(m) ffiso3(m + 1, n) it follows that P(u) = 
71. (u n u(m)) © 7£(il n soc)(m + 1, n)). Moreover, P(soU(m + 1, n)) = {0}. Therefore, 
pr u /^ R(E Ai?) Cufl u(m). Thus for Rq = pr u(n ) oi?|g A£ we get Po G 7£(u n u(m)). 

Similarly, since pr K ( PlA(?2 _p 2A(?1 ) ^fcA^ 1 ,.,™) = {°}> we see that P r u(n) #(ft AP) C u. In 
[52"] it was proved that 

V{u) = P(unu(ro)) ©P(unsoc)(m + l,...,n)) and P(soc)(m + 1, n)) = {0}. 

Thus, Pi G P(unu(m)). 
Prom ([IE]) it follows that 

^lM(piAgi-p2Ag2)+R(piAq 2 +P2Agi)+RpiAp2+{giA^ = ^' ffl) 

R Ul^l+i,..., n +<l^ E L+l,...,n+P^E+p2AE = °" ( 28 ) 

In particular, R(q 2 A Jx) = P(ft A x) for all x G E , and R(qi A Jx) = P(ft A x) for all 
x G Ei,...,m- 

We set the following denotation: N ± = Kh N 2 = JK 2 , M x = We 1 oL b M 2 = ~JL\, 

1 , . . . , m 

M3 = P r F 1 °L\, P = Pi, S 21 = pr F 2 oS\pi . Now the curvature tensor 

m + l,...,n l,...,m l,...,m 

P G P(g m ' u ) can be found as above from the conditions ([%?]) ■ pi and Table 3.2.2. In this 
case we assume that 

P = {M(pi A ft + p 2 A q- 2 ), M(pi A92-P2A ft), RJm+1,...,^, u, pi A E, 
{pi A x + p 2 A Jx|x G P^...^}, {pi A Jx - p 2 A x|x G P^...^}, 
{pi A x +p 2 A Jx|x G P^ +1) n },Rpi Ap 2 }. 

In Table 3.2.2 we have xi,yi G P, x G Pj r .. jm , y G P^+i,...^, A x , A 5 G R, N 1 ,N 2 ,M 1 ,M 2 G 
Hom(R,P^___ im ), M 3 G Hom(R,P^ +li J, if m < n, then Ai = A 2 = and Ni = N 2 = 



Table 3.2,1. Decomposition of a curvature tensor R E 1Z{q u ) 



V 

uAv \ 


R(pi A fji 
+P2 A fj 2 ) 


K(pi A fj 2 
-p2 A fji) 


u 


Pi A E 


p2 A E 


Kpi A p 2 


Pi A fji 


Ai(pi A fji 
+P2 A c/ 2 ) 


A 2 (pi Ag 2 
-P2 A fji) 





PiA #i(l) 


p 2 A K 2 (l) 


A 4 pi A p 2 


Pi A fj 2 


-A 2 (pi Afji 
+P2 A g 2 ) 


Mpi Afj 2 
-P2 A fji) 





Pi A K 2 (l) 


-p 2 A A'i(l) 


A 3 pi A p 2 


x Ay 








R u (xAy) 


\ Pl APt{xAy) 


\p2 A (x Ay) 


(v{S(x),y) 
-i](S*(x),y)) -pi Aft 


fji A x 


-K* l (x)(p 1 Aq x 
+P2 A q 2 ) 


K*{x)(p 1 Aq 2 
-P 2 A fji) 


PAx) 


Pi ATi(a-) 


P2 A S{x) 


L*(a:)p 1 Ap 2 


fj 2 A X 


-A' 2 *(i)(pi A fji 
+P2 A fj 2 ) 


-K* 1 (x)(p l A g 2 

+P2 A fji) 




Pi A5*(.x) 


p 2 AT 2 (x) 


L|(a;)pi Ap 2 


9l A fj 2 


-A 4 (pi A fji 
+p 2 A fj 2 ) 


A 3 (pi Afj 2 
-p2 A fji) 


5-5* 


PiAli(l) 


Pi Al 2 (l) 


A s pi A p 2 



Table 3.2.2. Decomposition of a curvature tensor R <G 7?.(0 m ' u ) 





K(pi A f/i 
+p 2 A fj 2 ) 


R(pi A f/ 2 
-p 2 A fji) 


Rjm+l,...,n 


U 


{pi A «; + p 2 A J«; 


{pi A Jw — p 2 A u; 
•» 6 4...,™) 


{px A «; + p 2 A Jw 
w S ^ m +l,...,n} 


Mpi A p 2 


Pi A fji 


Ai(pi A fji 
+P2 A f/ 2 ) 


A 2 (pi A fj 2 
-P2 A fji) 








Pi AJVi(l) 
+p 2 AJJV L (1) 


-(piA JN 2 (1) 
-p 2 AV 2 (l)) 





A-1P1 A p 2 


Pi A fj 2 


-A 2 (pi A fji 
+p 2 A fj 2 ) 


Mpi a f/2 
-P2 A f/i) 








Pi AV 2 (1) 
+p 2 AJV 2 (1) 


-(piA JiVi(l) 
-ftAJVj(l)) 





A 3 pi A p 2 


Xi A J/i 











i?o(xi A j/i ) 


k(Pi Apr £ iP*(x 1 A2/1) 
+p 2 A Jpr £ i P*(x-! A 2/1)) 


r 2 (pi A Jpr £1 JP*(x l A 2/1) 
-p 2 Apr E i JP*(xi A 2/1)) 





(i]({S - S")x l ,y l ) 
+1l(Jm,...,nXl,yi)) 'Pi Ap 2 


fji Ax 


- N K x )(Pi A fji 
+p 2 A fj 2 ) 


A r 2 *(x)(p 1 Afj 2 
-P2 A fji) 





P(x) 


pi A (-J5 21 (x)) 
+p 2 A 5 21 (x) 


-(pi A J5 u (x) 
-P2 A 5 u (x)) 





M 1 *(x)p 1 Ap 2 


fj2 Ax 


-V*(x)(p 1 Afj! 
+p 2 A fj 2 ) 


-Nl(x)(p l Afj 2 
-P2 A fji) 





-P(ix) 


PiA5 u *(x) 
+p 2 A J5 u *(x) 


Pi A J5 12 (Jx) 
-p 2 A5 12 (Jx)) 





M 2 *(a')Pi AP2 


fji A y 




















Pi A A 3 2/ 
+p 2 A A 3 Jy 


MZ(y)pi Ap 2 


fji A f/ 2 


-A 4 (p! A fji 
+p 2 A f/ 2 ) 


A 3 (pi A f/2 
-p 2 A f/i) 


A3</ m +l,...,n 


5-5* 


Pi AMi(l) 
+p 2 A JM t (l) 


Pi A JM 2 (1) 
-P2 AMj(l) 


Pi AM 3 (1) 
+p 2 A JM 3 (1) 


A5P1 A p 2 
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0. Furthermore, P G K(u n u(m)), P G P(uflu(m)), S 11 G Hom^i,...^,^ m ), 
S 21 G Hom(P lv .. im ,P 2 J, S 12 G Hom(P 1 ,... im ,P 1 1 J, S 11 ^ = 0, S 21 \ E ? = 0, 

* * * ' ' ' 1 , . . . ,m l,...,m 

S 12 \ F i = 0, S 12 * = JS 12 J, S 2U = JS 21 J, S G Rom(E 1 ... m ,E 1 „. m ), S = S 11 + S 12 + 

l,...,m 

S 21 + JS n *J and S — S* G u n u(m). Conversely, for any elements as above the linear 
map P G Hom(IR 2 ' 2n+2 A M 2 ' 2n+2 , g m - u ) defined by the Table 3.2.2, (J2ZJ) and (28} satisfies 
P G P-(g m ' u ). 

1) Consider the case n = 0. 

Lemma 3.2.1. T/ie Lie algebras of Part 1 of Theorem ] 3. 1.1\ exhaust all weakly-irreducible 
Berger subalgebras o/u(l, l)< Pl ,p 2 >- 

Proo/. Let P G ft(u(l, 1) 

<pi,P2>)- As above, P can be found from the conditions R(p2 A 
q2) = R(pi A gi), R(p2 A gi) = —R(p\ A 52)1 P(pi AP2) = and the following table: 



V 

uAv \ 


K(pi A 51 + P2 A g 2 ) 


M(pi A g 2 - P2 A 91) 


Mpi A P2 


Pi A qi 


Ai(pi A qi +p 2 A g 2 ) 


A 2 (pi A 92 - P2 A 91) 


A4P1 A p 2 


Pi A 92 


-A 2 (pi A (Ji +P2 A 92) 


Ai(pi A 92 - P2 A gi) 


A3P1 A p 2 


91 A g 2 


-A4(pi A qi + P2 A 92) 


A3(pi A 92 — p2 A gi) 


A5P1 A p 2 



We will consider all subalgebras of u(l, l)< pi ,p 2 > and check which of these subalgebras are 
weakly-irreducible Berger subalgebras. Let g C u(1, l)< Pl ,p 2 > be a subalgebra. We have 
the following cases: 

Case 1. pr c g = {0}, i.e. q C A 1 ® A 2 ; 
Case 2. C C g; 

Case 3. C G: g and pr c g 7^ {0}. 
Consider these cases. 

Case 1. pr c g = {0}, i.e. gci 1 ® A 2 . We have the following subcases. 

Subcase 1.1. g = A 1 © A 2 . We claim that g is a weakly- irreducible Berger subalgebra. 
Suppose that g preserves a non-trivial vector subspace L C 1R 2,2 . Let ot\p\ + «2P2 + P1Q1 + 
P2Q2 G L be a non-zero vector. Applying the element (1,0) £ A 1 , we get a\p\ + «2£>2 — 
fl\q\ — ^2Q2 G L. Hence, a\p\ + (X2P2 G L and /3igi + (32Q2 G P Applying to these vectors 
the element (0, 1) G A 2 , we get a±p2 — (X2P1 G L and (i\q2 — 02qi G L. There are three 
possibilities: L = M 2,2 , L = Rpi © Rp2 or L = Rqi © Rq2- Hence the subalgebra g is 
weakly- irreducible. 

Furthermore, g is spanned be the image of the curvature tensor P G P-(g) given by Ai = 1 
and A2 = • • • = A5 = 0. 
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Subcase 1.2. g = {(aji, 072, 0)\a G R}, where 71,72 G R- We claim that this subalgebra 
is not a weakly-irreducible Berger subalgebra. Indeed, if 72 = 0, then g preserves the 
non-degenerate proper subspace Rpi © Rgi C R 2 ' 2 . If 71 =0, then g preserves the non- 
degenerate proper subspace R(pi + gi) © R(p2 + Q2) C R 2 ' 2 . Suppose that 71 / and 
72 / 0. Let G ft(g). We have 

R(j>l A gi) = Xi(pi Aqi+p 2 A q 2 ) + A 2 (pi A g 2 - P2 A g x ) + A 4 (pi Ap 2 ), 

A g 2 ) = -A 2 (pi A g x +p 2 A g 2 ) + A x (pi A g 2 - P2 A gi) + A 3 (pi Ap 2 )- 

Hence, A3 = A4 = and -A^- = Therefore, Ai = A2 = 0. Moreover, R{q\ A g 2 ) = 
\{p\ Ap 2 ). Consequently, A5 = 0. Thus, i? = 0, 7£(g) = {0} and g is not a Berger algebra. 

Case 2. C C Q. We have the following subcases: 

Subcase 2.1. g = (A 1 © .A 2 ) x C = u(l, l)< Pl ,p 2 >; 

Subcase 2.2. g = {(071, 072, 0)|a G R} x C, where 71,72 G R. These subalgebras contain 
C, hence they are weakly- irreducible (Part 1 of Theorem 12. Lip . These subalgebras are 
Berger algebras, since any element of these algebras can be obtained as -R(gi Ag 2 ) for some 
curvature tensor R. 

Case 3. C <f_ g and pr c g 7^ {0}. Consider the following subcases. 

Subcase 3.1. dimg = 1, then g = {cji, C72, c)|c G R}, where 71, 72 G R, 71 / or 72 / 0. 
We claim that g is not a Berger algebra. Indeed, let R G 1Z(q) by analogy with Subcase 
1.2, we have ^ = ^ = ^. Hence, Ai = A 2 = and A 3 = A 4 = A 5 = 0. 

Subcase 3.2. dimg = 2, then pr^i^^g = A 1 (B A 2 and g = {(ai, 02, ^(ai, a 2 ))|ai, 02 G 
R}, where z^:R©R^Risa non-zero linear map. Let 71,72 G R be numbers such 
that ^(71,72) = and ^(—72,71) = 1- Hence g has the form {(071, 072, 0)|a G R} x 
{-C72,c72,c)|c G R}. We have [(71,72,0), (-72,71, !)] = (0,0,271) G g. Therefore, 71 = 0. 
Let 7 = 72- Thus, g = A 2 © {(07, 0, c)|c G R}, 7 7^ 0. This Lie algebra is conjugated to the 
Lie algebra hol 2 =0 . To see this it is enough to choose the new basis pi,P2,Qi — ^P2, Q2 + 

The lemma is proved. □ 

2) Let n > 1. We claim that the subalgebras of u(l,n + l)< pi ,p 2 > from the statement of 
the theorem are weakly-irreducible Berger algebras. Indeed, these subalgebras are weakly- 
irreducible. Table 3.2.2 shows that all these subalgebras are Berger algebras (any element 
of each algebra can be obtained as -R(gi A g2) for proper curvature tensor R), this will 
follow also from Theorem 13.1.21 
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We must prove that there are no other weakly-irreducible Berger subalgebras of 
u(l, n + l)< Pl , P2 >- For this we need all candidates for the weakly-irreducible subalgebras 
of u(l, n + l)< Pl , P2 >- Recall that in order to classify weakly-irreducible subalgebras of 
su(l,n + l)< Pl ,p 2 > we considered a Lie algebras homomorphism T : u(l,n + l)< PllP2 > — * 
LA(SimW n ) and its restriction ^ su (i,n+i) <P1 P2> '■ su(l, n + l)< Pl ,p 2 > ~~ * LA(SimW n ) which 
is an isomorphism. We proved that if C u(l, n+ l)< PljP2 > is weakly-irreducible, then the 
subalgebra f = T(g) C LA(SimW n ) satisfies a property. Then we found all subalgebras 
f C LA(SimW n ) that satisfy this property and the isomorphism r su ( l n+1 ) <pi pa> gave us 
the list of candidates for the weakly-irreducible subalgebras of su(l,n + 1)< P1 , P2 >- Now, 
since ker Fsu(i >n +i) <Pl v > = RJ, any weakly-irreducible subalgebra of u(l,n + 1)< P1 , P2 > 
must have one of the forms g, 0©RJ or 0^, where is a candidate to the weakly-irreducible 
subalgebras of su(l,n + l)< Pl , P2 >, 0^ = {x + £(x)J\x G 0} and £ : — > R is a non-zero 
linear map such that 0^ is a Lie algebra. Recall that for m > all candidates to the 
weakly-irreducible subalgebras of su(l,ra + 1)< P1)P2 > are weakly-irreducible subalgebras. 

Lemma 3.2.2. Let q be one of the following candidates to the weakly-irreducible subalgebra 
ofsu(l,n + 1)< P1 , P2 >: 

a 0,M,k^ g 0,t,,A\^ g O,*),<P,io,C fl O,f),V»,fe,io,C 

(these Lie algebras defined as in the proof of Theorem 1 2. see Lemmas \2. 6.2\ \2. 6.3\ and 
\2. 6.4\ )- Then the Lie algebras of the form g, g^ and g © MJ are not Berger algebras. 

Proof. Let be one of the above Lie algebras and R G 7£(0 © RJ). Since f) C sot)(l, n), 
from Table 3.2.2 it follows that (pr n(n) i?(R 2 ' 2n+2 A R 2 > 2n+2 )) n f) = {0}. Therefore, if one 
of the Lie algebras 0, 0^ and © RJ is a Berger algebra, then I) = {0}. This condition 
holds only for the Lie algebra = gO^-to},^ 1 ,^ w e claim that TZ(g © RJ) = {0}. Indeed, 
let R G 7&{g © RJ). We decompose R as in Table 3.2.2. For any y G E\ m we have 
R(Qi A y) = pi A \ 3 y + p 2 A A3 Jy + M3 (y)p\ Ap 2 G 0. Consequently, A3 = and M 3 = 0. 
It is easy to show in the same way that all the other components of -R are also zero. Thus 
the Lie algebras of the form 0, 0^ and © RJ are not Berger algebras. The lemma is 
proved. □ 

Lemma 3.2.3. Let g C u(l,n + 1)< P1 , P2 > be a weakly-irreducible Berger subalgebra with 
the associated number m, 1 < m < n. If g does not contain the set {pi A w +P2 A Jw\w G 

E m+l,...,n\> then P r u(m+l,...,n)fl = 
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Proof. Consider a curvature tensor R G TZ(g). We decompose R using Table 3.2.2. Since 
m > 1, we see that p\ Ap2 G 0. Let y G Em+i n^ e a vector such that piAy+p2 AJy^g, 
then R(q\ A y) = p\ A \%y + P2 A A3 Jy + Mg (y)pi A P2 £ 0- Consequently, A3 = 0. From 
Table 3.2.2 it follows that pr u(m+lv .. in) i?(R 2 - 2n+2 AR 2 - 2n+2 ) = {0}. This proves the lemma. 
□ 

Lemma 3.2.4. Let g be a Lie algebra of the form g n ' l >'^' k ' 1 or g m M> k > l > r . Then 
1) If g is a Berger algebra, then h C su(k). 

®) -tf £ : £| — ► M zs not zero and g^ is a Berger algebra, then there exist elements A = 
(c~b) Gu ( n )> z i> z 2 £R n such that A+J k -^J n G 3(h), for x = (0,-^,B,C+ 
Jk~ ^j2~Jn, zi, Z2, 0) G we have £(x) = £ zero on the orthogonal complement 
to Mx, and the orthogonal complement to M.(A + J k — ^^Jn) in u(n) is contained in 
u(k). In particular, x + £(x) J = (0, 0, B, C + Jfc, z\, Z2, 0) and pr u ( n ) 0^ C u(k). 

3) The Lie algebra g © RJ is not a Berger algebra. 

Proof. Statements 1) and 3) follow from Lemma f3.2.31 Let us prove Statement 2). Suppose 
that g^ is a Berger algebra for some linear map £ : — ► R. From Lemma 13.2.31 it follows 
that pr u (fc+i v .. in ) 0^ = {0}. This can happen only in the case described in Statement 2). In 
this situation the Lie algebra 0^ is either of the form tyol n ' u '^ 1 ' kl ' 11 or Q m , u ,i>iM,h,ri _ ^he 
lemma is proved. □ 

Now we have to consider only the Lie algebras of the form g, g^ and g©RJ for g = g" 1 '^-^ 1 
and = g" 1 '^, where < m < n and h C su(ra) © R(J m - ^Jn) © sod(m + 1, ...,n). 
Lemma [3 . 2 . 3 1 yields that if any of these Lie algebras is a Berger algebra, then h C su(m) © 

Let us consider the Lie algebra = g 111 ^'^ 1 , where h C su(m) ©R( J m — ^^Jn)- Obviously, 
g is a holonomy algebra of the form hoi™'"" 4 where u = pr u ( m ) h and <j> : u — > R is the 
map linear map given by : q) i— ► — ^trC. Consider a Lie algebra of the form g^, 
where £ : g — > R is a non-zero linear map. We have £| fl / = £|f ) 'ix(.A/ 1 +.A/ 1 '"-' m +c) = 0> i- e - £ 
can be considered as a linear map £ : © 3(h) — > R. If £|_4i / and £| 3 (M = 0, then g^ is 
a holonomy algebra of the form hor 1 ' 11 '^ or ho[ m,u ' A . Suppose that = and let A G h 
be an element such that £(A) 7^ and £ is zero on the orthogonal complement to R^4 in 
h. Consider the decomposition A = A\ + a(J m — ^2~J n ), where A\ G su(m) and a G R. 
If A\ / 0, then g^ is a holonomy algebra of the form ho[ m ' u " /ll ' <^!, . Suppose that A\ = 0. If 
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C(Jm — = —J, then is a holonomy algebra of the form fyol 771 '"^ 1 ,a2 , otherwise, 

then is a holonomy algebra of the form f)o[ m,u '"^ Obviously, the Lie algebra g © MJ 
is a holonomy algebra of the form F)of n,u '" 4 ,Al or fjopw 4 ,4> 

The case q = Q m '^'^ can be considered in the same way. 

Thus the Lie algebras of the theorem exhaust weakly-irreducible Berger subalgebras of 
u(l,n + 1)< P1 p 2 >. The proof of the theorem will follow from Theorem 13.1.21 □ 

3.3 Proof of Theorem 13.1.21 

Since the coefficients of each our metric g are polynomial functions, the Levi-Civita con- 
nection given by g is analytic and the Lie algebra t)ol is generated by the operators 

R(X, Y) , VR(X, Y; Z{) Qt V 2 R(X, Y; Z±; Z 2 ) , ... G S o(T M 2n+4 , go), 

where V r R(X,Y; Zy, Z r ) = (V Zr ■ ■ ■ V Zl R)(X, Y) and X, Y, Z u Z 2 ,... are vectors at 
the point 0. 

We consider the case n > 0. The proof for the case n = can be obtained by simple 
computations. 

First we consider some general metric and find all covariant derivatives of the curvature 
tensor of this metric. Let 1 < no < m < n be integers as in Section f3.ll We will use the 
following convention about the ranks of the indices 

a,b,c,d = 1, 2n + 4, i,j = 3, 2n + 2, 

i,j = 3, ...,n +2, i,j = n + 3, ...,m + 2, i,j = m + 3,...,n + 2, 

i,j = 3, ...,n + 2,n + 3, ...,n + n + 3, 

i, 3 = no + 3, ...,m + 2, n + n + 3, ...,n + m + 2, 

i, j = m + 3, n + 2, n + m + 3, 2n + 2. 

We will use the Einstein rule for sums. 

We assume that the numbers B l - and C % - equal B l ~ 2 and C l ~ 2 , respectively (here 

a] a] ^ aj-2 aj-2 

i^aj)Tj=i an d (C«j)rj=i are numbers as in Section |3~T|) , Define the numbers A l a - such 
that A S , = B 1 ,, aH" = ,, = ,, A* , = -C l ,, and A*. = for other % and 
j, here a = 1, N. 
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Let (p, (p : u — > K be two linear maps with (p\ u i = (j)\ u i = 0. Let the numbers (p a and 
(Ni + 1 < a < N) be as in Section \3. 11 If <p = <f> = 0, then we set Nq = N + 2 and consider 
some numbers PN+i, 1 Pn+2, 4>n+i, 4>N+2- If = and 7^ 0, then we set Nq = N + 1, 
0at + i = and consider a number ^jv+i- If <f 7^ and = 0, then we set iVo = N + 1, 
¥?jv+i = and consider a number 4>n+i- If 9? 7^ and <fi 7^ 0, then we set Nq = N. Thus 
we get some numbers (</?a) a =jVi+i anc ^ (^a)a=iVi+r Consider the following polynomials 



N No 
^ x 2n+3 )= y 1^3)0 and 0(^+3) = y _L 0a(a ,2n+3 )a 

a=JVi+l a=iVi+l 



Consider the metric g given by (I14|) with the functions 



fi — ff + /f + fi{ x \ X 2n+3 ) + //^ 0+1 + fiNo+l 771+I (* ~~ 1> ^' 

where /j^ 0+1 and f™ N()+1 m+1 are functions as in Section 13.11 and are functions 
defined as in Section 13.11 using Nq instead of N, and fi(x l ,x 2n+3 ) are some functions, 
/ 3 (x 5 ,a; 2 "+ 3 ) = 0. 

We assume that /i(0) = /2(C)) = /s(0) = 0, then go = i] and we can identify the tangent 
space to R 2n+4 at with the vector space M?' 2n+2 such that gfrlo = Pi, gfdo = P2, 

9 I _ 9 I 8 I f 9 I f 9 I 9 I 

g^SlO — 1 9a; n + 2 10 — n ' 6te n + 3 I" — J Q x 2n + 2 |0 — ,/n> g x 2n+3 |0 — Q 2 .2n+4 |0 — */2- 

For the non-zero Christoffel symbols of the metric g we have 

pi 1 % , f dfz \ x _ 1 / 9/2 9/2 9/2 \ 

r^^-j^ + Afeij. r2 " +42 " +4_ 2 V"9^3 +/3 9^ + /l 9^J' (31) 



,2 _ 1 9/3 p 2 _ 1 9/ 2 2 _ 1 9/ 3 2 _ 1 9/ 2 2 _ 1 / drf du' 

12n+3 ~2d^' 12n+4 ~2d^' 22n+3 ~2d^' 2211+4 "2 9^' ' J "2lto + &* 



(32) 
(33) 



- 2n + 3 2n + 3 



1 j /9u* _ du?_ 

2 V,-;,.-'" :i ! ,•».,.' /' ' 2 I " V9xJ dx i J Ox 

'^^+E^+ / 2 -E(" i ) 2 )S+/3|&) 

i— 3 \ z— 3 
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2n + 3 2n+4 



2n+4 2n+4 



2n+3 2n+3 



Th.n+4, 2n+4 



r 2«+3 

1 2ra+4 2n+4 



2n+2 



8^ df 3 \ dh 

' Qx 2n + 3 + Q x i J + ,9x 2 ™+ 3 



aft 



i 



_ i /av _ a«A 

+ 4 ~ 2 dx 1 ) ' 



Sx 2 /' 2n+3 2n+4 2 \ d X 2n + 3 dx* ' " dx 2 J ' 



1 / a/ 2 4 a/ 2 \ 

r 2n+3 

ia/i 

2 V ^ i 2n+3 2n+3 -"2^1' 1 2n + 3 2n+4 



1 d/2 r 2n+4 
"2 3x1' 



2n + 3 2n+3 



1 g/l r 2n+4 

2 3x 2 ' 2n + 3 2n+4 



i a/ 3 
" 2 ax 1 ' 

1 9fs r 2n+4 

2 9z 2 ' 2n+4 2n+4 



i a/ 2 
" 2 ax 2 ' 



(35) 

(36) 

(37) 
(38) 
(39) 



Note that if a {1, 2}, then r" 6 = = 0. This means that the holonomy algebra f)o[ of 
the metric g at the point preserves the vector subspace Rpi ®Rp 2 C M 2 > 2n+2 = T R 2n+4 , 
hence f)ol is contained in so(2, 2n + 2) <PliP2> , where 



so(2,2n + 2)< pl ,p 2 > = • 



/ 


an 


ai2 







—c 


\ 
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In particular, it is enough to compute the following components of the covariant derivatives 
of the curvature tensor: I 
3 < i,j < 2n + 2. We have 



of the curvature tensor: R a bcd . ai . a2 .^ Rf cd . ai . a2 ...., ^„,h, : :„ : ,,..- where «. & ^ {1,2} and 



Dl _ R 2 \ " 1 / 2n+3-,a-l 

-Kl2n+3 2n+4 — -«2 2n+3 2n+4 — 2-^ (q - 1)! - 1 ' 



a = JV 1 +l 



Rlab = RLb = if {«} U {6} # {2n + 3, 2n + 4}, (40) 



-Rl2n+3 2n+4 — ~^2 2n+3 2n+4 



a=JVi + l V h 

Riab = RLb = if {«} U {6} + {2n + 3, 2n + 4}, (41) 



i _ i a 2 /i i /gu; a»n a/! 

^2n+3 293 ,i 9a; i 4 ax i y a^ 2 ' v ; 

_i_a 2 V_ i a 2 / 3 i /a«' a_uA a/ 3 

,,2n+4 2 axi9z 2 «+3 2 dx*3xJ 4 v 3xJ ax* / 9x 2 ' 1 ' 

r 2 i d 2 ui i a 2 / 3 i /gu; a«n a/ 3 

ij 2n+3 2ax l 9x 2 "+ 3 -2 3x^x3 A\dxi dx i J dx 2 ' 1 j 



2,1+2 / au < i du* \ / dv? du^\ i 2 ^X 2 , / e 2 ^ a 2 ^! 



2n+4 

il —3 



3x l 3x l i / Vax l i Q x j J 2 f—'„ \dx % ^dxi dx I dx^ 

12 4 



1 a 2 / 2 1 (<m_ dv?\ a/ 2 

2dxidx3 A\dx3 dx* J dx 2 ' ( ' 
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S3 



i2n+32n+4 ~ I I (dx 2 "+3) 2 + dx i dx 2n+3 ~ {j^J ~ ) Q^J 



(2n+2 
J=3 





9uA 








dx' 


5/3 


du 1 


dfi 



Q x 2n+3 Q x 2 Q x 2n+3 Q x l Q x % Q x l Q x l Q x 2 Q x % Q x \ J 



4 " I «^ifl^2n+3 a~ia~2n+3 J 2-^ [ f)™2n+3 j \ fl~7 



i2n+32n+4 ^\ \d X i dx 2n + 3 dx'dx 2n + 3 J f"i \dx 2 ™+ 3 dxjj\dx3 dx* 

3=3 K ' J=3 

dh df z | & 2 f 2 du* dh _ du l df 3 dfi df 2 _ df 3 d}2 9/3 df 3 \ 

dx z dx 2 dx l dx 2n +3 dx 2n + 3 dx 2 dx 2n + 3 q x i q x i g x i q x i Q x 2 q x % g x i J 



, (47) 



N 1 

^2„+32n+4 = £ 7^y^ 2n+3 r-\ (48) 

a — 1 * ' 

N o , 

=-iS = <5! +n V (/> a (x 2n + 3 ) 0! - 1 , fli 00 = fl| =0, (49) 

j2n + 3 2n+4 i 2n+3 2n+4 j ^ (a - 11! J 2n+3 2n+4 j 2n+3 2n+4 V ' 

a — Ni~\-1 v 1 

R lab =° if W u W + i 2n + 3, 2n + 4}, (50) 
2n+3 2n+4 =0 ^ h j £ {3, ■■■,"0 + 2, n + 3, . . . , n + no + 2} or i,j £ {m + 3, n + 2, n + m + 3, 2n + 2}. 

(51) 



Specifically, 

^ij2n+3 ~ ^n+ij2n+3 ~ %' ^n+i j 2n+3 _ _ j 2n+3 _ ^' 
^ij 2n+4 — ^rH-ij 2n+4 — ^ ^n+i jf 2n+4 ~~ ~~ j 2n+4 ~~ ~~ % ' 

JS* = i?? =0, if {a}U{6} <f {j,2n + 3} U{j,2n + 4} for some j, (54) 

tab iab 

n 1 

»1 c-2 _ t ( 2n+2\N Q +j-m-l (r^\ 

i2n+3 2n+4 1 n+i 2n+3 2n+4 (jy o + J - m - 1) ! ' 

J=TO+1 

^2n + 32n + 4 = ^2n + 32n + 4 = °' ^ = ^ = if {«} U {&> ^ + 3 ' ^ + 4 i" 

(56) 

We also wish to have 

R\ = R 2 , and tf 1 , . = .. (57) 

tab n+iab n+iab tab v ' 

The computations shows that these equalities hold if we choose 

fi = f? (i = 1,2,3), (58) 
where the functions ff are as in Section [3 .11 In particular, 

N 1 

R}, = Y A* s (x 2n+3 ) Q - 1 . (59) 

ij2n+4 ^ (a — 1)\ aj 
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Thus, 

R iab = R l+iab and Rl n+iab = - R !ab, where 3 < * < n + 2 ( 60 ) 

To compute the covariant derivatives of the curvature tensor we will need the following 
Christoffel symbols 

r? b = r^ = oif«0{i,2}, r2 a n+3 = r^ +4 = o, v) h = r j2n+3 = o, (6i) 
n = Y ^ ~(x 2n+3 ) a , ri =-rt =5i +n ^ (62) 

j2n+3 ^ a\ aj j2n+3 i2n+3 5 

a=l 



r 2n+3 _ _ r 2n+3 _ -p2n+4 _ 1 

1 2n+3 2n+3 — 1 2n+4 2n+4 ~~ 1 2n+3 2n+4 ~~ ™> 

_ -p2n+3 _ -p2n+4 _ _-p2n+4 _ ~ in^ 

1 2ra+3 2n+4 — 1 2n+3 2n+3 ~~ 1 2n+4 2n+4 — V 9 - \ uo J 

Lemma 3.3.1. We have 

1) R\ = y^cT- ZtA i ~, where T aba , „ is a finite set of indices, Zt are 
functions and A t £ u; 

2) If<p + 0, then R{ abm ,... ar = R2 2ab;ai ,.. ;ar = EteT abai ... ar z M A t); 

lfip = 0, then R\ ab . ai .... . ar = R2 2ab , av ... , ar and this equals for < r < N - 1; 

3) Ifcf> * 0, then i*? o6;ai ,.. ;0r = "U : , n ,.. ; „. = EteT abai ... ar ^{A t ), 4 ^...^ = 

-4 ;Q1 ,,a.=f n ^ e ^,...^^)' 

If 6 = 0, then Ri„ h . n . .„ = —R\ nh .„ . .„ , R% = —Ri , and these 

■> Y ' lab;av,-;a r 2ab,a u - ,a r > ,„,,.„,.....„. ia6;ox;- 

components equals /or < r < iV — 1; 

4 ) R lab;av,...;a r = R l+i ab;ay, . . .;a r and R l+i af>;a i; ...;a r = ^Lia,,,^' w/lere 3 < i < n + 2; 

5) R\, =R? = 0; 

' n+i ab;a\ ;...;a r iao;ai;...;a r 

6 ) Rl jab;a V ,...;a r = if h 3 & {3, ra + 2, n + 3, n + n + 2} ori,j {m + 3,...,n + 
2,ra + ra + 3,...,2n + 2}. 



Proof. The lemma can be easily proved using the induction and equalities (j40p . (HI 
(ESH5D, (1561) and dfiOD. 



For example, let us prove Part 1) and Part 2) of the lemma for a r = 2n + 4. Let r > 1 
Suppose that the lemma is true for all s < r. Let a r = 2n + 4. Suppose that <p ^ 0. 
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We have 

pj 

jbc;ai;...;a r _i;2n+4 
dR\ 

J° c ' a i'---' a r-i _i_ pi pa pa pi pa pj 

dx 2n + 4 ' a2n+4 JrL jbc;ai;...;a r - 1 L j 2n+4 JrL abc;a 1 ;...;a r - 1 L b2n+4 Jrl jac;a 1 ;...;a r - 1 

pa pi pa pi pa pi 

L c2n+4 lh jba ;ai ;.. . ;a r _i Q-i 2n+4: lh jbc ;ai;...;o r _2;tt 

Since f>ot C «o(2, 2n + 2) <Pl)P2> , we have i^,.,^ = : = R^,.,* 

R\ bc . av .„ = 0. Using this, (foTj) . (i62l) and the induction hypotheses, we get 

pi 

jf>c;ai;...;a r _i;2n+4 



E2n+4 v-> -p a /.{ _ v^2n+4 -p a /,{ 

a=l 2^t£T ac . <ai ..... ar _ 1 1 b2n+4 z t Ji tj Z^a=l Z^teT i , a;ai; ... ;(lr _ 1 1 c2n+4^^j 

E2n+4 v-> -pa /ji _ _ v^2n+4 pa /li 

0=1 ^teT bc;a . 02 .... ;ar _ 1 i ai2n+4^ /1 tj - Z^a=l Z^t 6 T bc;ai ; ... ;ar _ 2;a 1 <V_i 2n+4^ /i tj • 

We also have 

pi _ 

- rt lbc;ai;...;a r _i;2n+4 

lbe;a 1 ;...;a r _ 1 p]^ „ a -p a ^ -p a p 4 

&r 2n + 4 r a2n+4- rL 16c;ai;...;a r _i 1 1 2n+4- n 'afec;ai;...;a r _i 1 b2n+4 JrL lac;ai;...;a r -i 

pa pi pa pi pa pi 

;ai;...;a r _i ai 2n+4 ll lbc ;a;a2...'-,o,r — i "' a r — l 2n+4 ll lbc 

Since f)ol so(2, 2n + 2) <PliP2> , we see that J R? fec;ai; ... ;ar _ 1 = Tf 2n+4 = if a {1,2}. Hence, 

pi pa pa pi 

a 2n+4 ll lbc ;ai;...;a r _i 1 12n+4-"-afec 

_ pi p2 _ p2 pi 

— L 2 2n+4- rl 16c;ai;...;a r _i 1 1 2n+4 rl 2fec;ai;...;a r _i 

= (^22n+4 + ri2n+4)^16c;a 1 ;...;a r _i = 

where we used Statement 3) for r — 1 and the fact that r 22n+4 + r? 2n+4 = 0. Thus, 
pi 

- rt lbc;ai;...;a r _i;2n+4 

E ie T bcai ... ar _ 1 aJ^rV(^) 

- Ea=l 4 EteT oosoi; ... ;ar _ 1 r 62n+4 Z *^(^t) ~ Ea=j 4 EieT ba;ai; .... £lr _ 1 ^hn+i^^t ) 

" Ea=l Ei e T i)c . a . a2 ..... ar _ 1 F ax 2n+4W(^i) ~ - ~ Ea=~l Et e T 6c . ai ,., ar _ 2;a r a r -i 2n+4W(^i ) ■ 



In the same way we can compute R^bc-ay a r _i-2n+4- Now the statement follows from the 
induction hypotheses and the fact that <p\ u i =0. □ 

Lemma 3.3.2. If one of the numbers a, b, a\,...,a T belongs to the set {I, ...,2n + 2}, then 

pi n 
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Proof. To prove the lemma it is enough to prove the following 3 statements 

1) If 1 < c < 2n + 2, then ^j^p^i = q. 

2) If 1 < c < 2n + 2, then //;„,„,.,.,,„ „ = 0; 

3) If for fixed a, b, ai,...,a r _x (and for all 1 < i,j < j) we have R l j ab . ai . . ar l = 0, then 
R l jab-ay a r _ra r = 0- These statements can be proved using the induction, (pi8j) and 
(EB). □ 

Lemma 3.3.3. For all < r < N — 1 we have 

r 

m (o) = a s s + V/i ra AS, 

j 2n+3 2n+4;2n+3;...;2n+3(r times) r+lj aj 

a=l 

where [i ra are some numbers. 

Proof. We will prove the following three statements 
1) If < r < Ni - 1, then 

N 1 iV 

/d = y t r 7 ^ i s (s 2n+3 ) Q - r - i +y ^(x 2n+3 )y 

j2n+3 2n+4;2n+3;...;2n+3(r times) (a — r — 1)! aj z — ' M 

a=r+l /3=1 



where i?/3(a; 2 " +3 ) are polynomials of x 2n+3 such that -ff/3(0) = -ff^(O) 
2) For all < r < iV - 1 we have 



r+l „ W 

^ = y G Q (x 2n+3 )^s + y F a (x 2n+3 )^s, 

j 2n+3 2n+4;ai ;...;a r ^— ' aj ^— ' aj 

a=l a=r+2 

where G Q (x 2n+3 ) and F a (x 2n+3 ) are polynomials of x 2n+3 such that F r+2 (0) = 0, 
F r+3 (0) = F; + 3(0) = 0,...,F N (0) = F' N (0) = ■■■ = F ( N N - r - 2) (0) = 0; 

3) If Ni < r < N- 1, then 

j 2n+3 2n+4;2n+3;. . . ;2n+3(r times) 

N iVj JV 

y t -A 1 -Ax 2n+3 ) a - r - 1 + Y W (x 2n+3 )A l t + y Q 7 (a; 2n+3 )^,, 

^— (a — r — lj! aj „, Pi „ , ^ 

where W^(x 2n+3 ) and Q 7 (x 2n+3 ) polynomials of x 2n+3 such that Q r+1 (0) = 0, 
Q r+2 (0) = Q; +2 (0) = 0,...,Qjv(0) = Q^(0) = • • • = Qjf r ~ r-1) (0) = 0. 
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Let us prove Statement 1). For r = the statement follows from (|48p . Let r > and 
suppose that Statement 1) holds for all s < r. We have 

id. 

j 2n+3 2n+4;2rc+3;...;2n+3(r times) 

j 2n + 3 2n+4;2n + 3;...;2n + 3(r — 1 times) , pi j^a 

~d^TZ fl 2n+3 1 2 n+3 2n+4;2n+3;...;2n+3(r-l times) 

"pa ni 

j'2n+3 «2n+3 2n+4;2n+3;...;2n+3(r-l times) 

pa pa j^i 

2n+32n+3 | q 2 n +4;2n+3;...;2n+3(r-l times) 2n+42n+3 j 2 n+3 a;2n+3;...;2n+3(r-l times) 
pa j^i 

2n+3 2n+3 j 2n +3 2n+4;a;2n+3;...;2n+3(r-2 times) 

. pa j^i 

2n+3 2n+3 ] 2 n+3 2n+4;2n+3; ...;2n+3(r-2 times) ;a" 

Using Lemma f3.3.2| ([6"T]) and (f6"3j) we get 



R\ 

j2n+3 2n+4;2n+3;...;2ra+3(r times) 

dRi ; 

j2n + 3 2n+4,2n+3, j 2n+3(r-l times) _ / + X ) , / 2n+3 ) fli 

da ' j2n+32n+4;2n+3;...;2n+3(r-l times) 

-w(x 2n+3 )(i^ (64) 

j 2n+3 2n+4;2n+4;2n+3;...;2n+3(r-2 times) 

+ --- + r\ ). 

j 2n+3 2n+4;2n+3; . . . ;2n+3(r-2 times) ;2n+4 

Statement 1) follows from the induction hypotheses and the fact that <p(0) = <£'(0) = • • • = 
£(iVi-i)(0) = o. 

Statement 2) can by proved by analogy (by Lemma [3. 3. 21 we may consider only a r = 2n + 3 
and 2n + 4). Statement 3) can be proved using (f64l) and Statement 2). 

From Statement 1) it follows that for < r < N\ — 1 we have 

Fd (0)=A S t . 

j2n+3 2n+4;2n+3;...;2n+3(r times) r+lj 

The end of the proof of the lemma follows from this and Statement 3) . □ 

From Statement 1) of Lemma 13 . 3 . 1 1 and Lemma 13.3.31 it follows that pr so ( 2m ) f)o( = u. 

Lemma 3.3.4. For all < r < N — 1 we have 

r 

Rh (0) = A S : + Vf ra i : , 

ij 2n+4;2n+3;...;2n+3(r times) r+lj ^— — ' cy 

where v rn are some numbers. 
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Proof. The lemma can be proved by analogy to the proof of Lemma 13.3.31 using (|59p . □ 
Using (l55j) . we get 



^i2n+3 2n+4;2n+3;...;2n+3(r times) ^ ^n+i 2n+3 2n+4;2n+3;...;2n+3(r times) ^ 

= fy r _ No+m+3 for all N < r < N + n - m - 1. (65) 

Consider the Lie algebra \)oi m ' uA ^ A2 . We take <p = <p = 0, N = N + 2, ip N+1 = 1, 
<Pn+2 = 0, 4>n+i = and 4>n+2 = 1- Then the above metric coincides with the metric 
from Table [3X2] for the Lie algebra i)ol m ' u ' Al ^ . From LemmaEjTDit follows that t)ol C 
tjol™'"'- 41 ^. From Lemma it follows that u C fjol . From ([52]), ([53]), §B, Lemma 
I3.3.4l and the fact that u does not annihilate any proper subspace of £ ; i v .. i n it follows that 
N 1 + M 2 C f)o( . It can be shown that 



R 12n 


4-3 2n- 


4-4;2n+; 


5;...;2n- 


4- 3(iV+l times) (0) — 


T}2 

-"-2 2n4 


-3 2n4 


-4;2n43: 


...;2n4 


-3(jV4 


-1 times) (0) — 


1, 


R 2 

2n 


4-3 2n- 


4-4;2n+; 


5;...;2n- 


f 3(N+1 times) (0) = 


pi 

-"-2 2n4 


-3 2n4 


-4;2n43: 


...;2n4 


-3(iV4 


-1 times) (0) = 


0. 


2n 


4-3 2n- 


4-4;2n+; 


5;...;2n- 


f 3(N+2 times) (0) = 


T>2 

^2 2n4 


-3 2n4 


-4;2n43: 


...;2n4 


-3(iV4 


-2 times) W = 


0. 


p2 

-"-1 2n+ 


3 2n+ 


4;2n+3: 


...;2n+ 


3(^+2 times) (0) = ' 


pi 

-"-2 2n 


43 2n 


44;2n4.' 


i;...;2n 


+3(iV 


42 times) (0) = 


= 1, 



j2n43 2n44;2n43;...;2n43(A r 42 times) ^ ' 5 2n+3 2n+4;2n+3;...;2n+3(AT+2 times) ^ ' j 

Hence, ^l 1 + ^ 2 C fjo( . The inclusion C C f)o( is obvious. Thus, fjot = (jor 1 ' 11 " 41 " 42 . 

The Lie algebras fjol 7 "'"^ 1 ^, fjor-"'^ 2 , t)o[ m ' u *^ and f)o[ m ' u - A , can be considered in the 
same way. 

Now we are left with the Lie algebras \jol n ' u '^' k ' 1 and tyol m ' u '^' k ' l ' r . For them we can use 
the following lemma. Let i = n$ + 3, n + 2, n + no + 3, 2n + 2. 

Lemma 3.3.5. Consider the following metrics on M 2n+4 

g = 2dx 1 dx 2n+3 + 2dx 2 dx 2n+i + Y%Lt 2 (da;*) 2 + 2 £-= 3 2 ^(s*, x 2ri+3 )dx i dx 2n + 4 

+(/i(x\x 2n + 3 ) + /i(xSx 2n+3 ))((ix 2n + 3 ) 2 + (/ 2 (x*,x 2n + 3 ) + / 2 (x^x 2n + 3 ))(dx 2ri + 4 ) 2 

+2(/ 3 (x*,x 2n+3 ) + / 3 (xSx 2n+3 ))dx 2n+3 dx 2n+4 , 
ff i = 2dx 1 dx 2n + 3 + 2dx 2 dx 2n+A + J2 2 i=t 2 ( dxi ) 2 + 2 Ei=3 2 ^(x*, x 2n+3 )dxMx 2n + 4 

+f 1 (x i ,x 2n+3 ){dx 2n+3 ) 2 + / 2 (x*,x 2n+3 )(dx 2n+4 ) 2 + 2/ 3 (x^x 2n+3 )dx 2n+3 dx 2n+4 , 
g 2 = 2dx 1 dx 2n + 3 + 2dx 2 dx 2n + 4 + Ei=3 2 (^) 2 

+/i(x i ,x 2n+3 )((ix 2n+3 ) 2 + / 2 (x i ) x 2ri + 3 )(dx 2n + 4 ) 2 + 2/ 3 (x i ,x 2n+3 )dx 2n+3 dx 2n+4 . 

Let R, R and R be the corresponding curvature tensors, then R = R + R. 
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Proof. Using equalities f|29|) - (|39p . it is easy to see that for the corresponding Christoffel 
symbols we have T% c = f £. + f f °,f ^ = and F£ c f ^ =0. The proof of the lemma 
follows from the formula for the curvature tensor. □ 

Consider the Lie algebra fjo^'*' 1 . We have /< = /? + /*. 0+ i + + * (* = 1, 2, 3). 
From (|29p and (|32p it follows that the holonomy algebra f)o[ annihilats the vectors p% and 

f>2- 

By Lemma [3.3.51 it is enough to compute the covariant derivatives of the curvature tensor 
R of the metric g\ with fa = ff + /f n +1 (i = 1, 2, 3) and the covariant derivatives of the 
curvature tensor R of the metric gi with fa = /"'^ + /^i ln (i = 1, 2, 3). 

Consider the curvature tensor i?. Set (p = (f> = and iVo = JV, then we can use the above 
computations. 

As in Lemma 13.3.31 we can show that for all < r < N — 1 it holds 

^j'2n+3 2n+4;2n+3;...;2n+3(r times) (0) = ^r+lj; 
alld ^2n+3 2n+4;2n+3;...;2n+3(r times) (°) = for r > iV. 

From (|63p and proof of Lemma 13.3.11 it follows that 

N 1 

^•6c;oi;...;a r -i;2n+4 = ^ ^y( x2 ™ +3 ) a [^a' ^(^> c ! a l> •••> °r-l)]}- 

Hence if at least one of the numbers a±, a r equals 2n + 4, then c; oi; a r ) G u'. 
We can use also Lemma f3. 3. 21 (|52l) and (j53j) . 

For the curvature tensor R we have Rl h „. n . .„ =0. Let 3 < i < n + 2, then 



R 



i 2n+3 2n+4;2n+3; . . . ;2n+3(r times) 

( 



(0) — ^j +n 2n+3 2n+4;2n+3;...;2n+3(r times) (0) 

-rplr+n, if A; + 3 < i < 1 + 2 and iVi < r < JV - 1, 
ifZ + 3<i<n + 2andr = iV + z'-Z-3, 



1, 
0. 



else, 



-^i+n2n+3 2n+4;2n+3;...;2n+3(r times) W ~~ ^"i 2n+3 2n+4;2n+3;...;2n+3(r times) W 

^2r+ii, if A; + 3 < i < I + 2 and Ni < r < N - 1, 
ip 3r +ii, if/ + 3<i<n + 2 and Ni < r < N — 1, 
0, else. 
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It can be also proved that /^, ( ,„ ,.,„. = R% c , ai ,..., ar = 0, if {&} U {c} + {2n + 3, 2n + 4} or 
{ai} U • • • U {a r } / {2n + 3}. 

Now it is easy to see that f)ol = fjo[ ri > u >^> fc > z . The Lie algebra Fjo[ m,u '^' A; ''' r " can be considered 
in the same way. 

The theorem is proved. □. 



Chapter IV. Applications and examples 



In this chapter we consider some examples and applications. In Section 14.11 we give ex- 
amples of real 4-dimensional Lie groups with left-invariant pseudo-Kahlerian metrics and 
find their holonomy algebras. In Section 22] we use our classification of holonomy algebras 
to give a new proof for the classification of simply connected pseudo-Kahlerian symmetric 
spaces of index 2 with weakly- irreducible not irreducible holonomy algebras. Finally in 
Section 14.31 we consider time-like cones over Lorentzian Sasaki manifolds. These cones 
are pseudo-Kahlerian manifolds of index 2. We describe the local Wu decomposition 
of the cone in terms of the initial Lorentzian Sasaki manifold and we find all possible 
weakly-irreducible not irreducible holonomy algebras of the cones. 



4.1 Examples of 4-dimensional Lie groups with left-invariant pseudo- 
Kahlerian metrics 

Let G be a Lie group endowed with a left-invariant metric g and let q be the Lie algebra 
of G. We will consider q as the Lie algebra of left-invariant vector fields on G and as the 
tangent space at the identity e G G. Let X,Y, Z £ q. Since X, Y, Z and g are left-invariant, 
from the Koszul formulae it follows that the Levi-Civita connection on (G, g) is given by 



where X, Y, Z G g. In particular, we see that the vector field Vx^ is also left-invariant. 
Hence V x can be considered as the linear operator V x '■ — ► 0- Obviously, Vx G so(g, g). 
For the curvature tensor R of (G,g) at the point e G G we have 



where X,Y £ q. From Theorem 11.1.71 and the expressions for the covariant derivatives of 
the curvature tensor it follows that the holonomy algebra fjol e at the point e G G is given 



2g(V x Y, Z) = g([X, Y],Z)+ g([Z, X], Y) + g(X, [Z, Y]) 



(66) 



R(X,Y) = [V x ,V y ]-V [x ,y] 



(67) 



by 



f)o( e = m + [mi, t«o] + [mi, [mi,m ]] H 



(68) 



where 



mo = span{ii(X, F)|-X", Y G q} and mi = span{Vx|-^ G q}- 
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Now we consider 4-dimensional Lie algebras with the basis Pi , P2 , 9i , 92 and with the metric 

/ o o l o \ 

that has the Gram matrix ° with respect to this basis. Define the following 

10 

y o l o o J 
Lie algebras by giving their non-zero brackets: 

0i: fal,9l] =Pl + 92, [Pl,92] = ~P2 ~ 9l, [P2,9l] = P2 + 9l, [P2, 92] = Pi + 92; 

02: [pi, 92] =pi, [P2,gi] = -pi, [91, 92] = pi + 51. 

Example 4.1.1. The holonomy algebras of the Levi-Civita connections on the simply 
connected Lie groups corresponding to the Lie algebras Qi, Q2 and Q3 are given in the 
following table: 






We 


01 


Wl=0 


02 


f)°e=o°' 72=1 



Proof. Consider the Lie algebra Q\. From (I66p it follows that 



V P1 — V g2 



/ -1 \ 
1000 
000-1 

y 1 j 



Vp 2 — V gi 



/ -1 \ 
0-100 

10 

1 



From this and ([H7|) it follows that R{p\,p2) = R(q\,q2) = 0, 



R(Pi,qi) = R(P2,q2) 



( 2 \ 

-2000 
0002 

y -2 j 



R(pi,Q2) = R(qi,P2) 



( 


2 











\ 







2 


















-2 







V 











-2 





The statement for the Lie algebra gi follows from (J68J). 
Similarly, for Q2 we have 



V 



VI 



( 1 \ 

00-10 
0000 

y / 



v 



qi 



( 





1 


1 


\ 




-1 





-1 












1 




V 








-1 


/ 



V P2 = V Q2 = 



and R(pi,p 2 ) = R(pi,qi) = R(p 2 ,q2) = 

R{puq2) = -R{p2,qi) 



( -1 \ 
0010 
0000 

y j 



, ^(91,52) 



/ -1 -2 \ 
1020 
000-1 
1 j 
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For 03 we obtain 



V P1 



V 



qx 



V 



/ 


~7 


— 7 


1 


\ 




7 


-7 


-1 












7 -7 




V 








7 7 


/ 


7 + 


1 





-1 


\ 


7 




1 












-7 


7 + 1 









-7- 


1 - 7 





, V 



P2 



> v g2 



and R(p 1 ,p 2 ) = 0, 

i?(pi,gi) = J R(p 2 ,g 2 ) = 7i?(gi,g 2 ) = 27(l + 2 7 ) 



/ 


-7 


7 





1 ^ 








-7 


-7 


-1 

















7 


7 


J 




\ 








-7 


7 y 






/ 


-7 


7 + 1 







1 \ 




-7 " 


- 1 


-7 


-1 















7 




7 + 1 


V 










-7 " 


- 1 


7 / 






(° 


-1 


0^ 





10 
-1 
\ 1 



R(pi,q 2 ) = -R{P2,qi) = 2(l + 2j) 



( 7 -1 \ 

7 1 

-7 

\ -7 J 



The theorem is proved. □ 



4.2 Pseudo-Kahlerian symmetric spaces of index 2 

In this section we use our classification of holonomy algebras to give a new proof for the 
classification of simply connected pseudo-Kahlerian symmetric spaces of index 2 with 
weakly- irreducible not irreducible holonomy algebras. This classification follows from re- 
sults of M. Berger [15J and of I. Kath and M. Olbrich [45J. The facts about pseudo- 
Riemannian symmetric spaces that we use here can be found in the books [131 1391 146] . 

Recall that a pseudo-Riemannian manifold (M, g) is called a symmetric space if the 
geodesic symmetry s p with respect to any point p G M is a globally defined isometry. 
If a pseudo-Kahlerian manifold is a symmetric space, than it is called a pseudo-Kahlerian 
symmetric spaces. A pseudo-Riemannian symmetric space is geodesically complete and 
its curvature tensor is parallel, i.e. Vi? = 0. Any pseudo-Riemannian symmetric space 
admits a connected transitive Lie group of isometries G and can be identified with the 
factor G/K, where K C G is the stabilizer of a point o S M. Moreover, there exists 
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an involutive automorphism a : G — ► G such that S° C K C S, where S is the set of 
the fixed points of the automorphism a and S° is the connected identity component of 
the set S. For the group G can be chosen the group of transvections of (M,g), i.e. the 
group {s p o s q \p,q G M}. Conversely, any such triple (G,K,a) under the condition that 
the homogeneous space G/K admits a G-invariant pseudo-Riemannian metric g defines 
the pseudo-Riemannian symmetric space (G/H,g). A symmetric space (M,g) is called 
semi-simple if the group of transvections of (M, g) is semi-simple. 

Let g be a Lie algebra with an involutive automorphism a : g — > g. Denote by g± the 
eigenspaces of a corresponding to the eigenvalues ±1. We get the decomposition of g into 
the direct sum of the vector subspaces 

= 0+ +fl- 
For the Lie brackets of the Lie algebra g we have 

[0+,0+]C0+, [0+,0-]cg_, [0-,0-]cg+. 

We see that g + C g is a subalgebra and ad g+ | _ : g + — > flt(fl-) is a representation. 

Any simply connected pseudo-Riemannian symmetric space (M, g) of signature (r, s) is 
uniquely defined by a triple (g,a,rj) (a symmetric triple), where g is a Lie algebra, a is an 
involutive automorphism of g and n is a non-degenerate ad fl+ -invariant symmetric bilinear 
form of signature (r, s) on the vector space g_ . 

The vector space g_ can be identified with the tangent space to M at a fixed point o £ M. 
Then the form r\ is identified with the form g D . The curvature tensor R Q of the manifold 
(M, g) is given by 

R a (x,y)z = -[[x,y],z], 

where x, y, z € g_ = T Q M. Since any symmetric space is an analytic manifold and VR = 0, 
for the holonomy algebra of the manifold (M, g) at the point o G M we have 

^ol = span{ R (T M,T M)} = [g_,fl_]. 

Let t) C so(r, s) be a subalgebra. The tensorial extension of the representation f) so(r, s) 
defines a representation of f) in the space of curvature tensors 7£(h) as follows 

A- R = R A , R A (x,y)z = [R(x Ay), A] +R(AxAy) +R(xAAy), 

where A G fj, i? G ^-(W an d x,y,z G IR r,s . Consider the following space 

7£o(f)) = {i? G ^((j)!^ = for all A G ()}. 
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Let (M,g) be a symmetric space and R its curvature tensor. Since VR = 0, we have 
R G TZq{\)o\). Conversely, let h C so(r, s) be a subalgebra and G 1Zq{\)). Consider the 
Lie algebra = h + W> s with the Lie brackets 

[x,y] = -R(x,y), [A,x]=Ax, [A, B] = A o B - B o A, 

where x, y G M r ' s and A, .B G f). Define the involutive automorphism a of by cr(y4 + x) = 
A — x, where A G f), x G M r ' s . We have 0+ = f) and 0_ = W yS . Obviously, the pseudo- 
Euclidian metric rj on W ,s is ad 9+ -invariant. We get the symmetric triple (0, a, rj) that 
defines us a simply connected pseudo-Riemannian symmetric space of signature (r, s). 

For any symmetric triple (0,(7,77), consider the new symmetric triple (01 = [g_,0_] + 
0_, cr\ gi ,r)). The simply connected symmetric spaces corresponding to the both triples have 
at the origins the same metrics and curvature tensors, hence these symmetric spaces are 
isometric. The holonomy algebras of these symmetric spaces coincide with g\ + = [g_,0_]. 

Thus any pseudo-Riemannian symmetric space (M, g) of signature (r, s) defines a pair 
(hot, R) (a symmetric pare), where hot C so(r, s) is a subalgebra, R G 1Zo(t)ol) and we 
have f)o( = i?(IR r,s A W> s ). Conversely, any such pair defines a simply connected pseudo- 
Riemannian symmetric space. 

An isomorphism of two symmetric triples / : (01,01,7/1) — ► (02,02,7/2) ^ s a Lie algebra 
isomorphism / : 0i ^ 02 such that / o o~\ = a<i o f and the induced map / : 0i_ — > 02- is 
an isometry of the pseudo-Euclidean spaces (01- , r/i) and (02-, f]2). Isomorphic symmetric 
triples define isometric pseudo-Riemannian symmetric spaces. We say that two symmetric 
pairs are isomorphic if they define isomorphic symmetric triples. For a positive real number 
c£l, the symmetric triples (0,<r, r/) and (0,cr, cr/) define diffeomorphic simply connected 
symmetric spaces and the metrics of these spaces differ by the factor c. 

Let (hot, R) be a non-trivial symmetric pair (i.e. R 7^ 0) and (0 = hot + IR r,s , a, rj) be 
the corresponding symmetric triple. For any positive real number c G R consider the 
symmetric pair (hot, cR) and the symmetric triple (0 C = hot + W' s , a, cr]). Obviously, the 
map / : — ► C given by f(A + x) = A + -^x, where A G hot, x G W' s , is an isomorphism 
of the symmetric triples (0,cr, rj) and (g c ,a,cr]). Note that the symmetric pairs (hot, R) 
and (hot, —R) can define non-isomorphic symmetric spaces, e.g. in the Riemannian case 
if t)ot is irreducible. 

From the Wu theorem it follows that any simply connected pseudo-Riemannian sym- 
metric space is a product of a pseudo-Euclidean space and of simply connected pseudo- 
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Riemannian symmetric spaces with weakly-irreducible holonomy algebras. Thus the clas- 
sification problem of simply connected pseudo- Riemannian symmetric spaces is reduced to 
the case of spaces with weakly-irreducible holonomy algebras. The classification of simply 
connected pseudo-Riemannian symmetric spaces with irreducible holonomy algebras was 
obtained by M. Berger in [15]. Thus we are left with the case of symmetric spaces with 
weakly-irreducible not irreducible holonomy algebras. From the above it follows that to 
solve the classification problem for a signature (r, s) we need a classification of weakly- 
irreducible not irreducible holonomy algebras fjol C so(r, s) for each of which there exists 
an R £ 72o(bol) such that R(W> S A W> s ) = fjo[. Then each line L C K (t)0l) such that for 
any non-zero R £ L we have R(M. r ' s AR r,s ) = fjol will give us two symmetric pairs (fjo I, R) 
and (fjol, —R) (where R £ L is fixed). Checking which of these pairs define non-isometric 
symmetric triples, we will get a classification of simply connected pseudo-Riemannian 
symmetric spaces of signature (r, s). 

Now consider simply connected pseudo-Kahlerian symmetric spaces of index 2. Recall 
that we have a fixed complex structure J on R 2 > 2n + 2 and a basis p\, p2, ei,...,e n , /i,...,/ n , 
qi, q2 of M 2 ' 2n+2 such that the Gram matrix of the pseudo-Euclidian metric n and the 
matrix of J have the forms 



/ o o 
o o 



o 



E 2r , 



1 

Vo 1 



1 o\ 

1 





/ 



and 



/ 





-1 














\ 




1 






























—E n 


















E n 






























-1 




V 














1 





/ 



respectively. 



We denote by u(l, n + l) <PliP2 > the subalgebra of u(l, n+ 1) that preserves the J-invariant 
2-dimensional isotropic subspace Mpi © C M 2 ' 2n+2 . This Lie algebra can be identified 
with the following matrix algebra 



u(l,n+ 1) 



<Pl,P2> 





( 


ai 


-02 


z i 


-z* 
z 2 





— c 


\ 






a 2 


0-1 


z 2 


-z* 
z l 


c 

















B 


-c 


21 


-Z2 




< 
























C 


B 


z 2 


Zl 






V 














-ai 


-a 2 


















02 


-ai 


) 



Ol, 02, c £ K, 
21,22 6 R", 

(g- s c )eu(n) 



D 2,2n+2 



> . 



A. 



p2,2n+2 



Using the form 77, we identify the Lie algebra so (2, 2n + 2) with the space 
of bivectors. Then the element of u(l, n + l)< Pl ,p 2 > given by the above matrix is identified 
with the bivector 



-a\(p\ Aqi+p2/\q2) + a2 {pi Aq2—p2^qi)+A+pi Azi+p 2 /\ Jzi+pi A Jz 2 -p2^z 2 + cpi Ap 2 , 
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where A € R 2n A R 2n corresponds to {^'b) g u ( n )- 
Now we can formulate the main theorem of this section. 

Theorem 4.2.1. If (f)ol, R) is a symmetric pair associated with a simply connected pseudo- 
Kdhlerian symmetric space of signature (2, In + 2) (n > 0) with weakly-irreducible not 
irreducible holonomy algebra, then (fjol, R) is isomorphic exactly to one of the symmetric 
pairs of the following list (we define curvature tensors giving their non-zero values): 



1. n=0: 



71=0,72=0 



(a) Wi = f)°e=o 

R\ 5 =l(qi A q 2 ) =pi Ap2] 

(b) (fjotx,-^!); 



n Ap 2 



/ o o o -i \ 

10 



y o o o o j 



HPl A qi + p 2 A q 2 ) © R(pi A q 2 - P2 A qi) 
a 2 \ 



oi,a2 6 



(c) f)0li c 

/ ai 

a2 ai 
— ai — <22 
\ a 2 -«i / 

#Ai=-|(Pi A ?i ) = ^Ai=-i(P2 Ag 2 ) = ~|(pi Agi +p 2 A <? 2 ), 
^Ai=-i(Pi A 92) = --R Ai= _|(P2 Agi) = -\{pi Aq 2 - Vi Aft); 

(d) (f)or lc ,-2i? Ai= _i); 

(e) fjoI lc , 

-Ra 2 =i(Pi A ft) = -Ra 2 =i(P2 Ag 2 ) =Pl A?2 -2?2 A ft, 
i?A 2 =i(Pi A g 2 ) = -R\ 2 =\(j>2 A ft) = -(pi A gi +p 2 A 52); 

2. n=l; t)0l 2 = | )O [»=«-i=^0}#=o^=l) = A ei + p 2 A fi) © Rpi A p 2 





( 








-A 








— c 


\ 

















c 























^1 







< 



















Zl 


















































/ 



zi, c G 



^M 3 (i)=ei(ft Ag 2 ) =Pi A ei +p 2 A fi, 
#M 3 (l)=ei(ft Aei) =i?M 3 (l)=ei(92 A/i) = pi Ap 2 / 

3. n > 0: J)ol 3 = f, r'{ KJ ->^ =0 ^= 2 

= M(2J - J m ) x (span R {pi A + p 2 A /j, pi A /_,- - p 2 A ej| 1 < i < n, m + 1 < j < 
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n} + Rpi A p 2 ) 





/ 


n 
U 


On 




..It 


7* 


u 


n 
u 


— c 








2a 










-z l 
z l 


z i 


c 























— aE m 







-«2 

























A 







< 










aE m 











Zl 


Z\ 




























4 






V 























-2a 




1. 




















2a 





/ 



•$J m > 



a,c£. 



where < m < n, 
R = R\ + R\ 5 , R\ = R\ 3= -2 + Rq 
Riipi Ag 2 ) = --Ri(p2 Agi) = -2 Pl Ap 2 , 
Ri(ei A /j) = -pi A p 2) 1 < i < m, 
-Ri(ej A /j) = -2pi Ap2, m+ 1 < j < n, 

Ri(qi A est) = Ri{q 2 A /<) = Aei+p 2 A fi), l<i< m, 

Ri(q2 A ej) = A /i) = |(pi A fi -p 2 A e»), 1 < i < m, 

Rl(<ll A ej) = .Rife A /j) = -2(pa A e. } + p 2 A fj), m + 1 < j < n, 

Ri(qi Ag 2 ) = Jm - 2J, 

-Ra 5 = A5P1 Aj*2, w/iere A5 G R; 
4. n>0: (^[ 3 ,-i?i-i? A6 ). 

Remark. The simply connected symmetric spaces corresponding to the symmetric triples 
(c), (d) and (e) are semi-simple and they correspond to the spaces SX(2,C)/C*, SO(3,C)/C* 
and Sp(2,C)/C* from |15j . The simply connected symmetric spaces corresponding to the 
other symmetric triples exhaust all simply connected pseudo-Kahlerian symmetric spaces 
of index 2 that are not semi-simple (they were classified in |45| ) . 

Proof of Theorem 14.2.11 As the first step we will find all symmetric pairs (fjol, R), 
where i)ol C u(l,n + l)<p 1 , P2 > is a weakly-irreducible not irreducible holonomy algebra. 
On the second step we will check which of the obtained symmetric pairs define isometric 
simply connected symmetric spaces. 

Step 1. Fix a holonomy algebra fyol C u(l,n + l)<p 1)P2 > an d a curvature tensor R 6 
n {i)0l) such that i?(IR 2 ' 2n+2 A R 2 ' 2n + 2 ) = fjoC. Let < m < n be the associated number 
and u C u(m) the unitary part of f)ol. Using (|15p and Table 3.2.2 we can decompose R 
into several components, we will use the corresponding denotation. For any element A as 
in Table 3.2.2, we denote by Ra the curvature tensor obtained by Table 3.2.2 under the 
condition that the other elements of Table 3.2.2 are zero. 
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It is easy to see that for the Lie algebra hol^ =0 we have TZo(^oi^ =0 ) = 7£(ho[^ =0 ) = 
M.Rai=i ©Mi?A 2 =i- Let hoi be any other holonomy algebra, then hoi containes the ideal 
Kpi Ap 2 . 

Lemma 4.2.1. For the components of the curvature tensor R we have 

Ai = A 2 = A 4 = 0, Ni = N 2 = 0, R = 0, 

P = 0, S n =0, s 12 = ^J\ E 2 , 

^ l,...,m 

q21 _ A3 T| Q Q* _ A3 T 

— A J \El 1 — 9 J m- 
^ 1 , . . . , m ^ 

Furthermore, if A3 7^ 0, i/ien Mi = M2 = 0. 

Proo/. Using the fact that R G ft (hol), K27J) and Table 3.2.2, we get 

= R Pl A P2 {qi Agi) = [P(<?i Agu),pi Ap 2 ] + P(j>2 A (72) + R(qi A (-pi)) 

= [P(ft A q 2 ), Pi Ap 2 ] + 2R( Pl A ft) 

= 2A 4 pi Ap 2 + 2(X 1 p 1 Aqi+p 2 Aq 2 + A 2 pi A q 2 - p 2 A qi + pi A iVi(l) +p 2 A JiVi(l) 
-(pi A JiV 2 (l) - p 2 A iV 2 (l)) + A 4 pi A p 2 . 

This implies that Ai = A2 = A4 = and Ni = N 2 = 0. 

Consequently if n = 0, then for the Lie algebra hoi we have two possibilities: either 
hoi = ho^ or hoi = hoI 7l J^°' 72=1 = R(pi A q 2 — p 2 A q{) © Rpi Ap 2 . It is easy to check that 
TZ (Wi) = ®LRx 5 =l and Ko(t)oQ=o' l2=1 ) = KPa 3 =-2 © 

Suppose that n > 1. Let m a = A; if hoi is a Lie algebra of type hoP'"'^'^ or ^pw/sfc,^ 
and mi = m if hoi is a Lie algebras of another type. 

Let w G E\ . Prom Theorem 13.1.11 it follows that p\ A w + p 2 A Jw G hoi. We have 

(?i A ? 2 )) 

= pr u ([i?(<?i A g 2 ), pi A w + p 2 A Jw] + R(w A q 2 ) + P(gi A Jw)) 
= -2 Wu {R{q 2 A w)) = 2P(Jw). 

Hence, P\e^ = 0. Similarly, the condition pr u (R Pl AJw-p 2 Aw(qi A q 2 )) = implies that 
PI E i = 0. Thus, P = 0. 

1, .. „,m 

For x G J Bi 1 j ... jmi + ^i,... )mi we have 

= pr u (P PlAw+P2A j w (ft A x)) 

= pr u ([P(gi A x),pi Aw +p 2 A Jw] + R(w A x) + R(q\ A (-i](w,x)pi + n(Jw,x)p 2 ))) 
= R (w,x). 
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Similarly, the condition pr u (Rp 1 AJw-p 2 Aw(qi A x)) = yields that Ro(Jw,x) = 0. Thus, 
R = 0. 

For w G E\ we have 

= P r Ari m +Ml m {RpiAw+ P2 AJw(qi A q 2 )) 

= prjvi + a/2 (\R(qi Aq 2 ),pi Aw +p 2 A Jw] + R(w Aq 2 ) + R(q\ A Jw)) 

J 1 , . . . ,m ^ 1 , . . . ,m 

= [A3(pi A gi +p 2 A g 2 ) + S - S*,p% A tu +p 2 A Jw] - 2pr v i m+jV -2 j%Aw)) 
= A 3 (;P2 Aro-piAJw)+piA ((S 11 - S* u )w + (S 21 - S* 21 )w) 
+P2 A {(S 12 - S* 12 )Jw + (S 22 - S* 22 )Jw) 

-2(p 1 AS u *(w)+p 2 AJS u *(w) +px A JS 12 (Jw) -p2 AS 12 (Jw)). 
Considering the terms from p\ A E , p\ A E 2 , p 2 A E 1 , p 2 A E 2 and using the formulas 

^»*21 5^ 2 * J S^ 2 J 5*12 J S 2 ^ J S 22 J 5II* j q*21 ^f22* J J 

we get 

£ii = 35*11 and \ 3 Jw- S 21 w + 3JS 12 Jw. (69) 

Likewise, from the equality pr^i +J ^2 (R pi AJw-p 2 Aw(qi A q 2 )) = it follows that 

3S n = s *n and + s i2 Jw + 3JS 2i w = Q _ ( 70 ) 

Suppose that the Lie algebra t)ol is of type t ) ot n ' u >^ k ' 1 or f, [™> u >^ fe ' i ' r . Then from Table 
3.2.2 it follows that A 3 = 0. This, flB5]) and (JTOj) yield that 5 = 0. Therefore, u = {0} and 
the Lie algebra f)0l can not be neither of type t)ol n ' u '^' k ' 1 nor of type ^ol m ' u '^' k ' l ' r . 

From flU and (jZQ]) it follows that 

s n = o, s' 2 = ^j\ El , s* = ^j\ e1 . 

Q l,...,m A l,...,m 

Thus, 

S-S* =S 12 + S 21 - S* 12 + S* 21 

^ L,...,m ^ l,...,m ^ l,...,m ^ l,...,m 

Suppose that A3 7^ 0. From the proof of the lemma and Theorem 13.1.11 it follows that 
fjo t = rjo[ 3 , where < m < n. Hence, 2 J — J m G fjot. For w E E\ m we have 

= R 2J - Jm {qi Aw) = [R{ qi A w), 2 J - J m ] + R{2q 2 A x) + A J m x) 
= A w), 2J - J m ] + 2R(q 2 Ax)- R(q 2 Ax) = [R(q x A w), 2J — J m ] + R(qt A x) 

= [pi A\x+p 2 A \Jx + M*(x)p! Ap 2 ,2J - J m ) — pi A \Jx+p 2 a\x + MZ,(x)pi Ap 2 

= M 2 *(x)piAp 2 . 
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Therefore, M 2 = 0. Similarly, Mi = 0. The lemma is proved. □ 

As all symmetric pairs for n = were found in Lemma f4.2.1l suppose that n > 1. If A3 = 0, 
then 5 = 0. From LemmaELll Table 3.2.2 and the fact that R(R 2 ' 2n+2 A R 2 ' 2 ™+ 2 ) = [jol 
it follows that f)ol = t)ol 2 . It is easy to check that 7£o(f)o[ 2 ) = R-RM 3 (2)=ei © R-Ra 5 =i- 
Suppose that A3 7^ 0. From Lemma 14.2.11 and Theorem 13. 1.1 1 it follows that f)o[ = f)o[ 3 . It 
is easily shown that 7^0(^0(3) = R-Ri © {Rm 3 } ©R-Ra 5 =i- Note that if n = 0, then the Lie 
algebra f)o[ 3 coincides with the Lie algebra fjol^J^ 0,72-1 . 

Step 2. Now to complete the proof of the theorem, we must prove the following state- 
ments: 

1) the symmetric pairs (1)0^, Rx 5 =i) and (fjo^, —R\ s= i) are not isomorphic; 

2) the symmetric pairs (f)ol 2 , #M 3 (i)=ei)> (fak, R M 3 (l)=ei+R\ s ) and (f)oI 2 , - J R A / 3 (i)=ei + 
-Ra 5 ) are isomorphic for any A5 G R; 

3) the symmetric pairs (t)ol s , R\ + R\ 5 ) and (f)ol 3 , i?i + i?A 5 + Rm 3 ) are isomorphic for 
any A 5 G R and M 3 G Hom(R, j 

4) the symmetric pairs (f)o[ 3 ,-Ri + -Ra 5 ) and (f)ol 3 ,-Ri + -Ry r ) are not isomorphic if 

^5 ¥= K> 

5) the symmetric pairs (f)ol 3 , —R\ — R\ 5 ) and (f)ol 3 , — i?i — i?y r ) are n °t isomorphic if 
^5 / A' 5 ; 

6) the symmetric pairs (fjot 3 , i?i + i?A 5 ) and (f)ol 3 , — i?i + i?y r ) are not isomorphic for 
any A 5 ,A' 5 G R; 

7) if Ai 7^ 0, then the symmetric pairs (f)o[ lc , i?Ai + -Ra 2 ) and (f)o( lc , R\ x ) are isomorphic 
for any A 2 G R; 

8) the symmetric pairs (fjo[ lc , i?A 2 =i) and (f)ol lc , — i?A 2 =i) are isomorphic; 

9) if Ai > 0, then any two of the symmetric pairs (f)o[ lc , Rxj), (f)ot lc , — R\^ and 
(f)o[ lc , i?A 2 =i) are not isomorphic. 

Let us prove these statements. 

1) It is easy to check that the sectional curvature of the curvature tensor -Ra 5 =i G 1Z(\)o[i) 
is non-zero and non-negative. In converse, the sectional curvature of the curvature tensor 
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—R\ 5 =i G H^ol]) is non-zero and non-positive. For instance, 

r){R\ 5 =i({pi + ft) A (p 2 + ft>))(Pi + ft), (P2 + 92)) = 1 

and 

v(-R\ 5 =i{(pi + ft) A (p 2 + ft))(pi + ft), (P2 + 52)) = -i- 

2) To show that the symmetric pairs (ho[ 2 , #Af 3 (i)=ei) an d (fjo^, #Af 3 (i)=ei + ^A 5 ) are 
isomorphic consider the corresponding symmetric triples (01 = hol 2 + R 2 ' 4 , <J\, 77) and 
(02 = f)0l 2 + R 2 ' 4 , C2, ??) and consider the Lie algebra isomorphism / : 0i — > g 2 given by 

/|f,oi = idf,oi, f(Pi)=Pi, f{P2)=P2, /(ei) = A 5 p2 + ei, 

/(/1) = -A5P1 + /1, /(ft) = ft + A5/1, /(ft) = 92 - A 5 ei. 

Similarly we can show that the symmetric pairs (f)ol 2 , — i?M 3 (i)=ei) an d (f)0l 2 , — ^M 3 (i)=ei + 
i?A 5 ) are isomorphic. Let (03, cr 3 , 77) be the symmetric triple corresponding to the symmet- 
ric pair (hol 2 , -#M 3 (i)=ei)- Th e isomorphism / : g 1 -> g 3 given by 

/(pi Aei + p 2 A/ 2 ) = -(pi Aei + p 2 A / 2 ), /(pi)=Pi, f{P2)=P2, f(e 1 ) = -e 1 , 
R(Pl AP2) =Pi Ap 2 , /(/l) = -/l, /(ft) = ft, /(ft) = ft 

implies that the symmetric pairs (f)ol 2 , i?M 3 (i)=ei) an d (f)f[ 2 , — i?M 3 (i)=ei) are isomorphic. 

3) Let (51,01,77) and (02,02,77) be the symmetric triples corresponding to the symmetric 
pairs (f)ol 3 , i?i + i?A 5 + -Rm 3 ) and (f)ol 3 , Ri + R\ 5 ), respectively. Choosing in the proper way 
the vectors e m+ i,...,e n of the basis, we can assume that M 3 (l) = ae m+ \, where a G R. 
Consider the Lie algebra isomorphism / : 0i ^ 02 given by 

/Ifiol = idf, 0[ , /(Pi)=Pi, /(P2)=P2, /(ei) = §P2 + ei, 

/(/i) = -fpi + /i, /(ft) = ft + f/i, /(ft) = ft-fei- 

The isomorphism / implies that the symmetric pairs are isomorphic. 

4) , 5) the proof is by the same argument as in the proof of Statement 1). 

6) To prove that the symmetric pairs (f)o[ 3 ,i?i + R\ B ) and (hol 3 ,— Ri + R\>) are not 
isomorphic for any A5,Ag G R let us compute the corresponding Ricci curvatures. Since 
R\ 5 takes values in su(l.n + 1), we have Ric(i?i + R\ 5 ) = Ric(-Ri). It is known that for 
the Ricci curvature of a pseudo-Kahlerian manifold holds Ric(X, Y) = — tr JR(X, JY). 
Therefore, 

Ric(i?i)(gi, qi ) = Ric(R 1 )(q 2 , q 2 ) = - tr(J(J m - 2 J)) = m - 2n - 4 < 0. 
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Moreover, Ric(i?i) is zero on the other basis vectors, since R\ on these vectors takes values 
in 5u(l.n + 1). On the other hand, 

Ric(-i?i)(<?i,gi) = Ric(-i?i)(g 2 ,<?2) = 2n-m + 4>0 

and Ric(— R\) is zero on the other basis vectors. This proves Statement 6). 

7) Suppose that Ai / 0. Let (01,01,77) and (02,02,??) be the symmetric triples corre- 
sponding to the symmetric pairs (t)ol lc ,R\ 1 + R\ 2 ) and (ho[ lc , R^). To prove Statement 

7) consider the Lie algebra isomorphism / : 0i — > 02 given by 

fUol = idfjol, f(Pl)=Pl, f(P2) = ^Pl+P2, 

f{qi) = Ql~ I7<?2, /(?2) = <?2- 

8) Let (01,01,77) and (02,02,^) be the symmetric triples corresponding to the symmetric 
pairs (i)ol lc , R\ 2 =i) and (f)ol lc , —R\ 2 =i)- To prove the statement consider the Lie algebra 
isomorphism / : 0i — ► 02 given by 

/Ifiot = idfiot, f(Pl)=P2, f{P2)=Pl, 
fill) = 12, f{q2) = q\- 

9) To prove the statement note the following: the only non-vanishing values of Ric(i? Al ) 
are 

Ric(i2 Al )(pi,9i) = Ric(i? Al )(P2,g 2 ) = 2Ai > 0; 
the only non- vanishing values of Ric(— R\ x ) are 

Ric(-/2 Al )(pi,gi) = Ric(-i? Al )(p 2 ,<? 2 ) = -2Ai < 0; 

mc(R X2=1 )(p 2 , qi ) = 2 > 0, Ric(i? A2= i)(pi, 92 ) = -2 < 0. 

The theorem is proved. □ 

Recall that a pseudo-Riemannian manifold (M, g) is called locally symmetric if the geodesic 
symmetry with respect to any point p £ M is a locally defined isometry. This condition 
is equivalent to VR = 0. For the holonomy algebra of a locally symmetric pseudo- 
Riemannian manifold (M,g) at a point p € M we have hol p = span{ R p (T p M, T p M)}. 
The symmetric pair (fyol p ,R p ) defines a simply connected pseudo-Riemannian symmetric 
space with the same holonomy algebra. We get the following corollary. 

Corollary 4.2.1. The weakly-irreducible not irreducible holonomy algebras of locally sym- 
metric pseudo-Kahlerian manifolds of signature (2, 2n+2) are exhausted by hol^ =0 , fjof^J^ ' 

ho l m=n - l=0,{0} >¥ >=0,tf.=0 flnrf ^ o[ m,{RJ m } )¥J =0,</)=2_ 
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4.3 Holonomy of time-like cones over Lorentzian Sasaki manifolds 
4.3.1 Definitions and results 

Let (M, g) be a pseudo-Riemannian manifold and c = ±. The pseudo-Riemannian mani- 
fold 

(M c = R + x M, <f = cdr 2 + r 2 5 ) 

is called the space-like cone over (M, g) if c = + and it is called i/ie time-like cone over 
(M, g) if c = — . One of the reason why the pseudo-Riemannian cones are of interest is the 
following. In [10] Ch. Bar proved that it real Killing spinors on a pseudo-Riemannian spin 
manifold (M,g) correspond to parallel spinors on (M + ,g + ). Similarly, imaginary Killing 
spinors on a pseudo-Riemannian spin manifold (M, g) correspond to parallel spinors on 
(M~,<p), see |16| . In [36J S. Gallot proved that the space-like cone over a complete 
Riemannian manifold is indecomposable or flat. This statement does not hold for pseudo- 
Riemannian manifolds and it also does not hold for non-complete Riemannian manifolds, 
see examples in [2J. 

We will denote by d r the radial vector field on (M^,^). 

An odd-dimensional Lorentzian manifold is called a Sasaki manifold if its time-like cone 
(M~,g~) is a pseudo-Kahlerian manifold. A Lorentzian manifold (M,g) is a Sasaki man- 
ifold if and only if there exists a vector field ^ on (M, g) such that 

1. £ is a Killing vector field with <?(£,£) = — 1. 

2. The map J = -V£ : TM -> TM satisfies 

fiX = -X-g(X,Z)Z and (VxJ)(F) = -g(X, Y)£ + g(Y, £)X, 
where A, Y are vector fields on M, see [U |9]. 

Such vector field £ on M is called a Sasaki field. The Sasaki field £ and the pseudo- 
Kahlerian structure J on (M~,<?~) are related by 

JX = VxC and £ = J(rd r ), 

where X is a vector field on M. A Lorentzian Sasaki manifold with given Sasaki field £ is 
denoted by (M, g;£,). A Lorentzian Sasaki manifold (M,g) is an Einstein manifold if and 
only if the time- like cone over it is Ricci-flat. 
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Lorentzian Sasaki manifolds are of interest in many respects. For instance, they admit 
twistor spinors [U [9j |4*4"1 PT6] . For us they provide examples of manifolds with the holonomy 
algebras contained in u(l, n + 1) and su(l, n + 1). 

An odd-dimensional Riemannian manifold (M,g) is called a Sasaki manifold if its space- 
like cone (M + ,g + ) is a Kahlerian manifold. This is equivalent to existence of a Killing 
vector field £ on (M, g) with g(£, £) = 1 that satisfies conditions similar to the above ones. 

The standard example for regular Lorentzian Sasaki manifolds are 5' 1 -bundles over Rie- 
mannian Kahler Einstein spaces of negative scalar curvature, see 0[9]. The next example 
gives a way to construct Lorentzian Sasaki manifolds. 

Example 4.3.1. Let (Mi, g±; £i) be a Lorentzian Sasaki manifold and (M 2 , g 2 ; £2) a Rie- 
mannian Sasaki manifold. Then the manifold 

(M = R + x Mi x M 2 ,g = ds 2 + cosh 2 (s)gi + sinh 2 (s)5 2 ; £1 +£2) 

is a Lorentzian Sasaki manifold and the time-like cone over (M, g) is a product of truncated 
cones over (Mi, gx) and (M 2 ,g 2 ), 

(M- = ((l,+oo) x Mi) x ((0,1) x M 2 ),g~ = (-drj + r 2 l9l ) + (dr 2 + r 2 2 g 2 )). 
Proof. Consider the product of the truncated cones 

(Mf x M+ = ((1, +00) x MO x ((0, 1) x M 2 ),~9i + 5 2 + = (~dr 2 + r?<7i) + (dr 2 + r 2 52 )). 
Consider the functions 

r = y/r 2 - r 2 G M + , a = artanh ^— J G M + . 

The functions r and s give the diffeomorphism (1, +00) x (0, 1) R+ x R+. For Mf x M 2 + 
we get 

Mf x M+ = R + x R+ x Mi x M 2 

and 

gi+g 2 = —dr 2 + r 2 (ds 2 + cosh 2 (s)gi + sinh 2 (,s)<7 2 ). 

Obviously, the manifold (M~,g~ ) is pseudo-Kahlerian, i.e. the manifold (M,g) is a 
Lorentzian Sasaki manifold. For its Sasaki field we obtain 

£ = J{rd r ) = J(rcosh (s)d ri + rsinh (s)<9 r2 ) = J(rid n + r 2 d r2 ) = £1 + 6- 
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□ 

The following theorem is converse to Example 14.3,11 and it gives a local description in the 
case of decomposable cone over a Lorentzian Sasaki manifold. 

Theorem 4.3.1. Let (M,g) be a Lorentzian Sasaki manifold and 

(M~ = l+xM,f = -dr 2 +r 2 g) the cone over (M, g). Suppose that the holonomy algebra 
of (M~ ,g~) preserves a non- degenerate proper subspace. Then there exists a dense open 
submanifold U\ C M that is locally isometric to a manifold of the form 

W = (a, b) x JVi x N 2 , (a, b) C R + 

with the metric 

gw = ds 2 + cosh 2 (s)g% + smh. 2 (s)g 2 , 

where (Nx,g±) is a Lorentzian Sasaki manifold and (N 2 ,g 2 ) is a Riemannian Sasaki man- 
ifold. 

Moreover, any point (r,x) £ R + X Ui C M has a neighborhood of the form 
(( ai , h) x N{) x ((02, 62) x N 2 ), (a u h), (a 2 , b 2 ) C R + 

with the metric 

(-dt 2 + t 2 gi ) + (dt 2 + t 2 2 g 2 ). 

From now on we study Lorentzian Sasaki manifold such that the holonomy algebra of its 
time-like cone preserves a degenerate subspace. 

Theorem 4.3.2. Let (M,g) be a Lorentzian Sasaki manifold and 

(M~ = K + xM,j" = —dr 2 +r 2 g) the time-like cone over (M, g) with the pseudo-Kahlerian 
structure J. If the holonomy algebra of (M~ ,g~) preserves a 2-dimensional isotropic J- 
invariant subspace, then it annihilates this subspace, i.e. in this situation there exist locally 
on M~ two isotropic parallel vector fields p% and p 2 = Jpi ■ 

Theorem 4.3.3. Let (M, g) be a 2n + 3- dimensional Lorentzian Sasaki manifold and 
(M~ = K + xM,j" = —dr 2 +r 2 g) the time-like cone over (M,g) with the pseudo-Kahlerian 
structure J. Suppose that the holonomy algebra f)o[(Af~) of (M~,g~) annihilates a 2- 
dimensional isotropic J -invariant subspace, i.e. there exist locally on M~ two isotropic 
parallel vector fields p\ and p 2 = Jp\ . Then 
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I. There is a dense open subset U\ C M such that each point zq G U± has an open 
neighbourhood U Zo C U\ of the form 

U Z0 = (a,b)xN, a£RU{-oo}, 6eMU{+oo}, a<b 

and the metric g\u ZQ is given by 

9\u ZQ = ds 2 + e~ 2s g N , 
where (N,gx) is a Lorentzian manifold with a parallel isotropic vector field. 

II. There exist coordinates x, y, x, y, x±, ...,X2 n on M + x U Zo C M~ such that x, y, x±, £2« 
are coordinates on N and the metric g~\R+ x u Zo has the form 

9~W+xU ZQ = Zdxdy + y 2 g N = Idxdy + y 2 (2dxdy + gi), 

where g\ is a family of Kahlerian metrics on the integral manifolds corresponding to the 
coordinates x\, ...,X2 n depending on y. In these coordinates, p\ = d x and P2 = yd x — ^d x . 

III. Denote by E the distribution on U ZQ generated by d Xl , ...,d X2n . There exists a vector 
field X G E that does not depend on x, y, x and such that the pseudo-Kdhlerian structure 
J is given by 

JPl=P2, JP2 = ~P1, 

JY = X(Y) Pl + A( J E Y) P 2 + J E Y, 
where Y G E, \{Y) = -^^(Y, yJ E X + X) and 

J E Y = WE V^X-yY -{l + y 2 ) WE V^dy (71) 
is a y-family of Kahlerian structures on the integral manifolds of the distribution E, 

= 2jliF)9l(X,X)pi - ^-^(X,^ + \X~ ydy - ^dy, 

Jdy = ~ 2^W) 9i(X, X) Pl + j^(J E X - yX) + ydy + yd y . 
The following conditions are satisfied 

Je Vr E VgY = pr E Vgj E Y for all Y G E, (72) 

pr E VgX = - J E X). (73) 

The Sasaki field of the Sasaki structure of (M, g) is given by 

IV. If the holonomy algebra f)ol of (K + x U zo ,g~\^+ x jj zo ) is weakly-irreducible, then the 
holonomy algebra f)ol(A r ) of (N,gw) is weakly-irreducible and 
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1) ifi)0l(N) is of type g 2 ' u , u C u(n) (see Section\T^j, then \]oi is of type ^ t n ' u ^ =0 ^ =0 ; 

2) if \}0l(N) is of type 4 - u ' fc ^, then t)ol is of type \ )0 l n ' u '^' k ' 1 for some I, k < I < n. 

V. Conversely, for any Lorentzian manifold (N,g^ = 2dxdy + gi), where g\ is as above 
with a given vector field X £ TN and a family of Kahler structures Je satisfying dxX = 0, 
g N (X,d x ) = g N (X,dy) = 0, (Tip, (7§j and (73$, the manifold ((a,b) x N,ds 2 + e- 2s g N ) 
is a Lorentzian Sasaki manifold with the Sasaki field £ as above and the holonomy algebra 
of the time-like cone {M~ ,g~) is as in Statement IV. 



Example 4.3.2. // in the situation of Theorem \4-3.3\ the metric g\ has the form 



9i = f(y)go, 



where f(y) is a positive function and go is a Kahlerian metric depending on the coordinates 
x%, ...,X2n, then f = const. In this case the holonomy algebra of (M + x ^^^"l^+x^^) is 
not weakly-irreducible. 



4.3.2 Proof of Theorem 14.3.11 

Using the Koszul formulae, it is easy to prove the following lemma. 

Lemma 4.3.1. Let (M,g) be a pseudo-Riemannian manifold, c = ± and (M c ,g c ) a cone 
over (M,g). The Levi-Civita connection V c of the metric g° is given by 

%d r = 0, %X = d r X + ±X, 

V c x d r = ±X, V C X Y = V X Y -crg(X,Y)d r , 

where V is the Levi- Civita connection of the metric g and X,Y £ TM are considered as 
vector fields on M depending on the parameter r. 

The curvature tensors R c and R of the connections V c and V are related by 

R c (;-)d r = R c (d r ,-y = o 1 

R C (X, Y)Z = R(X, Y)Z - cRi(X, Y)Z, 
where R^X^Z = g(Y, Z)X - g(X, Z)Y , X,Y,Z G TM. 



We will need also the following more general lemma. 
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Lemma 4.3.2. Let (M, g) be a pseudo-Riemannian manifold, c = ± and (M c >f = 
R x M,g c 'f = cdr 2 + f 2 (r)g) a warped product manifold over (M,g). The Levi-Civita 
connection V c '^ of the metric g c, $ is given by 

vl f d r = o, v% f x = d r x + f^x, 

Vx f d r = ($X, V c /Y = V x Y-c^g(X,Y)d r , 

where V is the Levi-Civita connection of the metric g and X, Y G TM are considered as 
vector fields on M depending on the parameter r. 

In the proof of the theorem we will write M, g and V instead of M~ , g~ and V~, 
respectively. 

Suppose that the holonomy algebra t)ol x of (M,g) at a point x £ M is not weakly- 
irreducible, that is T X M is a sum T X M = {V\) x ®{V2)x of two non-degenerate fiol^-invariant 
orthogonal subspaces. They define locally two parallel non-degenerate distributions V± 
and Vi- For simplicity we assume that V\ and V2 are defined globally (this happens, for 
example, if M is simply connected). Denote by X\ and X2 the projections of the vector 
field d r to the distributions V\ and V2, respectively. We have 

d r = X 1 + X 2 . (74) 

We decompose the vectors X\ and X2 with respect to the decomposition TM = TR&TM, 

Xi = ad r + X, X 2 = (1 - a)d r - X, (75) 

where a is a function on M and X is a vector field on M tangent to M. Since g(d r , d r ) = —1 
and g(X\,X2) = 0, we have 

g(X,X)=a 2 -a, g(X 1 ,X 1 ) = -a, g(X 2 ,X 2 ) = a- 1. (76) 

Lemma 4.3.3. The open subset U = {x\a(x) / 0, 1} C M is dense. 

Proof. Suppose that a = 1 on an open subspace V C M. We claim that d r £ V\ on V. 
Indeed, on V we have 

Xi = d r + X, X 2 = -X and g(X, X) = 0. 

We show that X = 0. Let I2 G V2. We obtain the decomposition Y 2 = Xd r + Y, where A 
is a function on M and Y £ TM. Then 

Vy 2 X! = V Xdr+Y (d r + X) = -Y + Vy 2 X. 
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Note that Y = Y 2 - XX t + XX. Hence, 

Vy 2 Xi = -(Y 2 - XX X + AX) + Vy 2 X 
r 

Since X, Vy 2 X, Y 2 E V 2 and Vy 2 Xi E Vi, we see that 

-(F 2 + AX)+Vy 2 X = 0. 
r 

From <?(X,X) = 0, it follows that <?(Vy 2 X,X) = 0. Thus we get g(Y 2 , X) = for all 
Y 2 E V 2 . Since V 2 in non-degenerate, we conclude that X = 0. Hence, 3 r E Vi. 

Thus for any Y 2 E V2 it holds Vy 2 <9 r = -I2. Since the distribution Vi is parallel and 
d r eVi, we see that Y 2 = 0. Therefore, V 2 = 0. □ 

Further on, we will consider the dense open submanifold U C M. By the definition of U, 
the vector fields X±, X 2 and X are nowhere isotropic on U. For i = 1, 2 let i£j C V* be 
the subdistribution of Vi orthogonal to Xj. Denote by L the distribution of lines on U 
generated by the vector field X. We obtain on U the orthogonal decomposition 

TM = TR® L® E ± ® E 2 . 

Lemma 4.3.4. Let Y\ E E\ and Y 2 E E 2 , then 

1. Y\a = Y 2 a = d r a = 0. 

2. V Yx X = ^Y x , Vy 2 X = -ay 2 . 

3. V dr X = d r X + ±X = 0. 

4. V X I = - Xa) *i + - Xa) X 2 . 

Proof. Using Lemma 14.3.14 we get 

V Yl X x = (Y ia )8 r + fY t + VyX, 
VyX 2 = -{Y x a)d r + i=SYi - VyX. 

Since Fi G Bi C Vi and the distributions Vi, V 2 are parallel, we see that 

a 

{Y x a)d r + -Yi + V Yl X E Vi n V 2 = {0}. 
r 

This yields that Y\a = and Vy 1 X = ^p^Yi.. The other claims can be proved similarly. 

□ 
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Since d r a = 0, the function a is a function on M. Note that U = M + x Ui, where 

Ui = {x£ M\a(x) ^ 0, 1} C M. 

Claim 3 of Lemma 14.3.41 shows that X = -X, where X is a vector field on the manifold 
M. Hence the distributions L and E = E\ ®E 2 do not depend on r and can be considered 
as distributions on M. Claim 2 of Lemma 14.3.41 shows that the distributions E\ and E2 
also do not depend on r. We get on U\ the orthogonal decompositions 

TM = L(BE, E = E 1 @E 2 . 

Lemma 4.3.5. The function a satisfies the following differential equation on U\: 

Xa = 2 (a - a 2 ). 

Proof. Since g(X, X) = a 2 — a, we see that 

2g(V x X, X) = 2aXa - Xa. 
Using this and Claim 4 of Lemma 14.3.41 we get 

(2a - 1) (xa - -(a - a 2 )^j = 0. 

If a = ^, then VjX = -^d r and V^X = |5 r . The last equality is impossible. □ 

From Lemma 14.3.51 it follows that if t is a coordinate on M corresponding to the vector 
field X, then 

e 2t 

a(t) = ^77 , 

w e 2t + c 

where c is a constant. 

From Lemmas 14.3.41 and 14.3.51 it follows that 

v x x = -^d r+ 1 -=^x. 

On the subset U\ C M we get the following 

V X X = (l-2a)X, V Yl X = (I - a)Y 1 , Vy 2 X = -aY 2 , (77) 
where Y% £ E\ and Y 2 € E%. 

Lemma 4.3.6. The distributions Ei,E 2 ,E = E\® E 2 C TM defined on U\ C M are 
involutive. Let x € U\ and M x C U\ be the maximal connected integral submanifold of the 
distribution E, then the distributions E\\m x , E 2 \m x C TM x = E\m x are parallel. 
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Proof. Let Y%, Z\ G E\. Since g(Y\,X) = g(Zi,X) = 0, we have 

g{\Yi,Z x \,X) = g(V Yl Zi-Vz 1 Y 1 ,X)=g(Y 1 ,Vz 1 X)-g(Z h VY 1 X) 
= g(Y ll (l-a)Z 1 )-g(Z 1 ,(l-a)Y 1 ) = 0. 

Let Y2 G E2. Since E\ C V\, E2 C V2 and the distributions Vi, V2 C TM are parallel, we 
see that 

g{\Yi,Zi],Y 2 ) = giVy.Zx - V Zl Y u Y 2 ) 

= ^g(V Yl Z 1 +rg(Y 1 ,Z 1 )d r -\7 Zl Y 1 -rg(Z 1 ,Y 1 )d r ,Y 2 ) 
= M~9(Vz l Y 1 ,Y 2 )-~g(V Yl Z 1 ,Y 2 )) = 0. 

This proves that the distribution E\ C TM is involutive. The proof of the other statements 
is analogous. □ 

Note that in Example 14 . 3 . 1 1 we have the following 

V. T.\I. . V 2 =TM 2 + , E 1 = TM 1 , /:, TM>. 

X\ = cosh (s)d ri , X 2 = sinh (s)d r2 , a = cosh 2 (s) > 1, X = — sinh (s)cosh (s)d s . 

Since the manifold (M,g) is pseudo-Kahlerian, the distributions V\ and V 2 are J-invariant. 
Without loss of generality, we can assume that the restriction of the metric g to the 
distribution V\ has index 2 and the restriction of the metric g to the distribution V 2 is 
positively definite. From (I75p it follows that a > 1. 

Let x G U\. Then a > 1 on some open subset W C U± containing the point x. From 
Lemma 14.3.51 it follows that the gradient of the function a is nowhere zero on W. From 
Lemma 14.3.41 it follows that on W the gradient of the function a is proportional to the 
vector field Hence we can assume that W is diffeomorphic to the product (a, b) x N, 

where (a, b) C M and N is diffeomorphic to the level sets of the function a. Not also that 
the level sets of the function a are integral submanifolds of the involutive distribution E. 
Denote such a manifold passing through a point y G W by W y . Since X is orthogonal to 
E and Z(g(X , X)) = for all Z G E, the metric <7|vk must have the following form 

g\ w = ds 2 + g N , 

where g^ is a family of pseudo-Riemannian metrics on the submanifolds W y depending 
on the parameter s. We suppose that d s = . = _ . 
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From Lemma 14.3,61 and the Wu theorem it follows that each manifold W y is locally a 
product of two pseudo-Riemannian manifolds. For Y\,Z\ £ E\ and Y 2 , Z 2 £ E 2 in virtue 
Lemma of 14.3.41 we have 

(L^)(y x ,Zi) = 2(1 - aMYuZt), (Lj^g)(Yi,Y 2 ) = 0, (L^g)(Y 2 ,Z 2 ) = 2ag(Y 2 ,Z 2 ). 

This means that the one-parameter group of local diffeomorphisms of W generated by the 
vector field X preserves the Wu decomposition of the manifolds W y . Hence the manifold 
iV can be locally decomposed into the direct product of two manifolds N% and N 2 that are 
diffeomorphic to integral manifolds of the distributions E\ and E 2 . We can choose W in 
such a way that N = N\ x N 2 . Therefore, 

9N = hi + h 2 , 

where hi and h 2 are metrics on the integral manifolds of the distributions E\ and E 2 
depending on s. 

From Lemma [4.3.5l it follows that the function a satisfies the following differential equation 

d s a = — 2v a 2 — a. 

Hence, 

(e~ 2s + ci) 2 u2/ . , — * 

a = — -—^ = cosh Is + in Jc\ ), 

4e As c\ 

where c\ is a constant. We can assume that c\ = 1. We see that s is defined on an interval 
(a, b) C R + . 

Let Yx,Zt G E x be vector fields on W such that [Yi,d s ] = [Z x ,d s } = 0. From ((77]) it 

l — 2 

follows that Vy^Ss = — " a Yx- Prom the Koszul formula it follows that 2^(Vy 1 3 s , Z\) = 
^(yi.Zi). Thus, 

-2tanh (s)g(Y 1 , Z x ) = d s g(Y 1 , Z x ). 

This means that 

hi = cosh 2 (s)gi, 
where g\ does not depend on s. Similarly, 

h 2 = sinh 2 (s)52, 

where g 2 does not depend on s. 
For the cone over W we get 

R + x W = M + x (a, b)x Nix N 2 
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and 

9\r+xW = ~dr 2 + r 2 (ds 2 + cosh 2 {s)g\ + sinh 2 (s)# 2 )- 

Consider the functions t\ = rcosh(s), t 2 = rsinh(s). They define a diffeomorphism from 
M+ x (a, 6) onto a subset V C R + x M + . 

Let (r,y) G M + x C M, then there exist a subset (ai,6i) x (02,62) C V, where 
(ai, 61), (a 2 , 62) C M + and r G (ai, 61). 

On the subset 

((ai,6i) x iVi) x ((02,62) x N 2 ) C M + x W 
the metric 5 has the form 

{-dtj + t 2 igi ) + (dt 2 2 + t 2 2 g 2 ). 

Since (M, g) is a pseudo-Kahlerian manifold of index 2, we see that the manifold ((01, 61) x 
N\, —dt\ +t 2 gi) is pseudo-Kahlerian of index 2 and the manifold ((02, 62) x N 2 ,dt 2 + ti,g 2 ) 
is Kahlerian. 

Theorem 14.3.11 is proved. □ 

4.3.3 Proof of Theorem 14.3.21 

In the proof we will write M, g and V instead of M~ , g~ and V~, respectively. Let 
z G M. Suppose that the holonomy algebra f}o[ z of (M,g) preserves a 2-dimensional 
isotropic J^-invariant subspace L z C T Z M. Then in a neighbourhood U z C M of the 
point z there exists a parallel isotropic J-invariant distribution L of rang 2. Let p\ be a 
nowhere vanishing vector field from the distribution L (we can assume that U z is enough 
small). Then the vector fields p\ and p 2 = Jp\ generate the distribution L. We have the 
decompositions 

pi = aid r + Zi, p 2 = a 2 d T + Z 2 , 
where a\, a 2 are functions on U z and Z\,Z 2 G TM\u z . Consider the open subset 

U' = {x G C/ Z |ai(x) / or a 2 (x) / 0}. 

We claim that the subset U' is dense in U z . Indeed, suppose that ot\ = a 2 = on an open 
subset V C U z , then p\ = Z\ and p 2 = Z 2 on V. Consequently, 



V YP2 = V Y Z 2 = V Y Z 2 + rg(Y, Z 2 )8 r 



4-3 Holonomy of time-like cones over Lorentzian Sasaki manifolds 



115 



for any Y £ TM\y. Since L is parallel, there exist two 1-forms Ai and A2 on V such that 

V Y P2 = h{Y) Pl + \ 2 (Y)p 2 . 

We get V Y Z 2 +rg(Y,Z 2 )d r = Xi(Y)Z 1 + \ 2 {Y)Z 2 . This shows that g(Y,Z 2 ) = for all 
Y € TM\y, i.e. p 2 = and we get a contradiction. 

Let x £ U' . Then a\(x) 7^ or a 2 {x) 7^ 0. Assume that cei(x) 7^ 0. Since the holonomy al- 
gebra ho[ x preserves L x , for any X, Y S T X M, there exist numbers C\(X, Y), Ci(X, Y). 
Such that 

R x (X,Y)p lx = C 1 {X,Y) Plx +C 2 {X,Y)p 2x and R X (X, Y)p 2x = C 3 (X,Y)p lx +C 4 {X,Y)p 2x . 

Since R X (X, Y) G u(r x M, g), we see that d{X, Y) = C 4 {X, Y) and C 2 {X, Y) = -C 3 (X, Y). 
From Lemma 14.3.11 it follows that 

R x (X,Y)p lx = R x (X,Y)Z lx and R x (X,Y)p 2x = R x (X,Y)Z 2x . 

Hence, 

C 1 (X,Y)(a 1 (x)d r {x) + Z lx ) - C 3 (X,Y)(a 2 (x)d r (x) + Z 2x ) = R x (X,Y)Z lx , 
C 3 (X,Y)( ai (x)d r (x) + Z lx ) + Cx(X,Y)(a 2 (x)d r (x) + Z 2x ) = R x (X,Y)Z 2x . 

Consequently, 

C 1 (X,Y)a 1 {x) - C 3 {X,Y)a 2 (x) = and C 3 {X,Y) ai (x) + C 1 (X,Y)a 2 (x) = 0. 

Thus, (Cf(X,F) + Ci(X,Y))ai(x) = and C X {X,Y) = C 3 (X,Y) = 0. We see that 
R X (X, Y) annihilates the vector space L x . Hence, R(-, -)L = on U z . 

Consider any curve 7 : [a, b] — > M such that 7(a) = z and denote by r 7 : T Z M — > T^n^M 
the parallel displacement along 7. Since the points z and 7(6) belong to a connected 
simply connected open subset of M, we see that the parallel distribution L is defined at 
the point 7(6). Hence for any X, Y £ T^n^M we have 

R(X,Y)r^(p lz ) = and R(X, 1» 2 ,) = 0. 

From this and the Ambrose-Singer theorem it follows that ho! z annihilates the vector 
subspace L z C T Z M. □ 
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4.3.4 Proof of Theorem 14.3.31 

In the proof we will write M, g and V instead of M~ , g~ and V - , respectively. 

I. Suppose that the holonomy algebra of (M,g) preserves a 2-dimensional isotropic J- 
invariant subspace. Then for each point z G M there exists an open neighbourhood V z 
of z and two parallel isotropic vector fields p\ and p2 = Jpi defined on V z . Consider the 
decompositions 

pi = aid r + Zi, p 2 = a 2 d r + Z 2 , 
where a\, a 2 are functions on V z and Z±,Z 2 G TM\y z . Note that 

g(Z 1 ,Z 1 ) = aj, g(Z 2 ,Z 2 ) = c4, g(Z Xl Z 2 ) = a x a 2 , (78) 

and Z\, Z 2 are nowhere vanishing. We claim that the open subset 

U z = {xe V z \ai{x) / and a 2 (x) ^ 0} C V z 

is dense in V z . Indeed, suppose that a\{x) = or a 2 (x) = for each point x of an open 
subset V C V z . If for some y G V we have ai(y) ^ 0, then a 2 = on some open subset 
V\ C V containing the point y (and vice verse). Hence, we can assume that a± = on 
some open subset V\ C V. On V\ we have p\ = Z\. Therefore, 

= Vypi = VyZi = VyZi + rg(Y, Z x )d r 

for all Y G TM| Vl C TM| Vl . This yields that g(Y,Z 1 ) = for all Y G TM| Vl and we get 
a contradiction. 

Lemma 4.3.7. Let Y G TM^ C TM\ Uz . For i = 1,2 we have 

1. d r a = 0, Ya i = -rg(Y,Z i ). 

2. v Y z l = -sy. 

5. Vg r Zj = <9 r Zj + ^Zj = 0, i.e. = -Zi, where Zi is a locally defined vector field on 
M. 

4. ZiOi = -of. 

Proof. Claims 1-3 follow from the fact that Vpi = Vp 2 = 0. Claim 4 follows from (|78|) 
and Claim 1 of the lemma. □ 
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Let z = (ro, Zo), where 7*0 G M + and zq G M. From Lemma 14.3.71 it follows that c*i and 02 
can be considered as locally defined functions on M and U z = M + x U ZQ , where U Zo C M 
is a neighbourhood of the point zq. 

From Lemma 14.3.71 it follows that on U ZQ the gradient of the function a\ is equal to the 
vector field —Z\. Hence the manifold U ZQ is diffeomorphic to the product (a, b) x N, where 
N is a manifold diffeomorphic to the level sets of the function ol\. Note also that the level 
sets of the function ot\ are orthogonal to the vector field Z\. Consequently the metric g 
must have the following form 

g = ds 2 + gi, 

where g± is an s-family of Lorentzian metrics on the level sets of the function a±, and 

s, = l. 

From Lemma f4.3.7l it follows that the function a satisfies the following differential equation 

d s a\ = —a±. 

Hence, 

«i(s) = cie~ s , 

where c\ £ R is a constant. Changing s, we can assume that c\ = ±1. Both cases are simi- 
lar and we suppose that c\ = —1, i.e. a% = —e~ s Note that (a, b) = — ln(inf{/ zo (— ai), supu 

Let Yi,Y2 G TM be vector fields orthogonal to d s and such that [Yi,<9 s ] = [I2, d s ] = 0. 
From Lemma 14.3.71 it follows that Vy^Sg = —Y\. From the Koszul formula it follows that 
2g(V Yl d s ,Y 2 ) = B^YlM). Thus, 

-2g 1 (Y 1 ,Y 2 ) = d s g 1 (Y 1 ,Y 2 ). (79) 

This means that 

9i = e~ 2s 9N, 
where the metric gjy does not depend on s. 
Thus we get the decompositions 

U z = R + x (a, b) x N 

and 

g = -dr 2 + r 2 (ds 2 + e~ 2s g N ). 
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Consider the diffeomorphism 



given by 



(x, y) i ^ ( yj-2xy, In 

y 



The inverse diffeomorphism has the form 



We have 



8 X = e S 8 T + ^rd s , 
8 — — ^-8 + ^-8 



On U z the metric g has the form 



g = 2dxdy + y 2 g N . 



Note that 

y = ra\. (80) 

II. Let us prove the following lemma. 

Lemma 4.3.8. The vector field p 2 = r[a 2 p\ — Oi\p 2 ) is a vector field on (N,g^) and it is 
parallel on (N,gw). 

Proof. We have 

f>2 = r(a 2 pi - aip 2 ) = r(a 2 Z\ - a\Z 2 ) = a 2 Z\ - ct\Z 2 . 

From (j?8j) it follows that g(p 2 ,8 s ) = 0. Obviously, g(p 2 ,8 r ) = 0. We claim that 8 r p 2 = 
dsP2 = 0. Indeed, from Lemma 14.3.71 it follows that 8 r p 2 = 8 r {a 2 Z\ — a\Z 2 ) = 0. 
Furthermore, using Lemma 14.3.71 we get 

= V 9s (r(a 2 £>i - aip 2 )) = r(8 s a 2 )p 1 - r{8 s a 1 )p 2 

= ^(Zxa 2 )pi - ^-(ZiQi)p 2 = ^-(-aiQ!2)Pl - ^{-ot\)p 2 = -p 2 - 

On the other hand, from Lemmas 14.3.71 and 14.3.21 it follows that 

V&P2 = V 9s p 2 = V^p 2 = d s p 2 - p 2 . 



Thus, 8 s p 2 = 0. 
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Let Y G TN\ Uzq Using Lemmas ESJ gXT] and the fact that g(Y, Z x ) = 0, we get 

Vyp 2 = Vyj5 2 - e- 2s g N (Y,p 2 )d s = V Y p2 - rg(Y,p 2 )d r - g(Y,p 2 )d s 
= V Y r{a 2 pi - aip 2 ) - rg(Y,p 2 )d r - g(Y,p 2 )d s 
= r(Ya 2 )pi - r{Ya>i)p 2 - rg(Y,p 2 )d r - g(Y,p 2 )d s 

-r 2 g(Y, Z 2 )(e- S d r + ^8 S ) - rg(Y,r(a 2 Z x - ai Z 2 ))d r - g{Y,r{a 2 Z 1 - a x Z 2 ))d s 
= -r 2 g(Y, Z 2 )( ai d r + <fd s ) + ai r 2 g(Y, Z 2 )8 r + ai rg(Y, Z 2 )d s = 0. 

The lemma is proved. □ 

In [55] R. Schimming proved that in this situation there exist local coordinates x, y, x%, x 2n 
on (iV,flijv) such that d% = p 2 and the metric g^ has the form 

g N = 2dxdy + g 1 , 

where g\ is a y-family of Riemannian metrics on the integral manifolds corresponding to 
the coordinates x±, ...,x 2n . We can choose the open set U ZQ in such a way that the above 
coordinates are global on N. We see that 

5 It/* = 9\w+xU ZQ = 2dxdy + y 2 g N = 2dxdy + y 2 (2dxdy + gi). 

We will need the following lemma, which can be proved using the Koszul formulae. 

Lemma 4.3.9. Let (N,g^) be a pseudo-Riemannian manifold, (M,g) the pseudo- Riemannian 
manifold of the form (M = R x M + xN,g = 2dxdy + y 2 gN)- Then the non-trivial covariant 
derivatives V of the metric g are the following 

V dy X = dyX+ l -X, 

Vxdy = \X, 

V x Y = V%Y-yg(X,Y)d x , 

where X7 N is the Levi-Civita connection of the metric g^ and 1,7 £ TN are considered 
as vector fields on N depending on the parameter y. 

Using Lemma |4.3.7| it is easy to prove the following lemma. 
Lemma 4.3.10. We have 

grad M «i = -Zi, grad M a 2 = -Z 2 , d y ai = ^, d y a 2 = ^-, 
g rad A/ S? = ^ 2 > d v ai = °> 
in particular, d y ^ = 1 and we may assume that y = ^ • 
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III. Now we will find the necessary and sufficient conditions for the metric g\\j z to admit 
a pseudo-Kahlerian structure J such that P2 = Jpi- Suppose that g\u z admits such 
structure J. Denote by L the distribution generated by the vector fields p±, P2 and by 
E the distribution generated by d xi , ...,d X2n . Obviously, L L = L © E. Since L is J- 
invariant and parallel, we see that L © E is also J-invariant and parallel. Hence, there 
exist differential 1-forms A and Ai such that for any Fefiwe have 

JY = X(Y)p 1 + X 1 {Y)p 2 + J E Y, 

where Je '■ E — > E, JeY = pi E JY. Since J is ^-invariant, i.e. g(J-, </•) = g(-, •), we see 
that Je is g\ -invariant. Since J 2 = —1, we have 

-Y = \(Y) P2 - X 1 (Y) Pl + X(J E Y) Pl + X 1 (J E Y)p 2 + J 2 E Y. 

Hence, Ai(F) = X(J E Y), J| = -1 

JY = X(Y) Pl + A( J E Y)p 2 + J E Y. (81) 

Suppose that 

Jd y = aipi + bip 2 + X + ci^y + d 2 %, 

where ai,6i,ci,di £ K and X 6 -E. Using the conditions g(Jd y ,d y ) = 0, g(pi,d y ) = 1, 
g{p 2 ,d y ) = |a and the fact that J is ^-invariant, we get 



,v2 _l „,2 

ai = -Oi — , ci = , 



a 2 ct 2 a{ + a\ 



Similarly, from the conditions g(Jdy, d y ) = 0, g(pi,d y ) = and g(p 2 , d y ) = —ra\ it follows 
that 

OL 2 

Jd y = a 2 pi + X 2 + rct\dy + — d y , 

where 826! and X 2 £ E. 
Since J 2 <9 y = — d y , we see that 

6r = ^A(J^), a 2 = ( X(X) + , X 2 = -J^ ( J E X - ^x) 

2a 2 a\ + «2 V a i / af + «2 V "i / 

(82) 

The condition J 2 d y = —d y does not give us anything new. 

For the Levi-Civita connection V N on (N,gw) let V E = pr^V^I^ be the induced con- 
nection on the distribution E and let h : TN x E — > R be the bilinear map such that for 
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any Z G TN and Y G E holds pr R ^ 2 Vf Y = h(Z, Y)p 2 . Thus, for any Z G TN and Y G E 
we have 

vfy = /i(z,y)p 2 + vfy. (83) 

Let Y £ E, then 

0= g(Y,d y )=g(JY,Jd y ) 



= g(\(Y)Pi + KJeY) P2 + J B y, -6ifa Pl + 6 lP2 + X - ^ - 
= g(J E Y,X)-^X(Y) + ^\(J E Y)-§ i X(J E Y) 
= r 2 a 2 igi (J E Y,X)-^X(Y) + X(J E Y). 

Substituting J E Y for Y, we get 

= -r 2 a 2 igi (Y,X) - ^X(J E Y) - X(Y). 

From the last two equalities it follows that 

a?r 2 

X(Y) = fig^Y, a 2 J E X + ai X). (84) 

af + a 2 

Let X = ±X. Using ((HOj) and Lemma \TXM we get 

A ( y ) = "7^251 (Y,yJ E X + X). (85) 
1 + 2T 

Not also that 

ai X(Y) + a 2 X{J E Y) = -r 2 a 3 igi (Y,X), (86) 
a 2 X(Y) - ai X(J E Y) = r 2 a\ gi {JY, X). (87) 

The condition g (JY, Jdy) = does not give us anything new. 
From flEIJ, dSU]) and Lemma [OTTO] it follows that 

61 = ~ o( 2\ 9i{X,X) = - / 91 {X,X) = - 1 91 (X,X), 

2(a{ + a 2 >) 2(1 + y z ) 2(1 + ^) 

5 3 3 

02 = -2(a( + al) 9l{X > X) = -WTW) 9l{X > X) = -WTW) 9l{X ' X) ' 
Now we check the condition VJ = 0, i.e. V Yl JY 2 = JV Yl Y 2 for all Y X ,Y 2 G TM. 
Let then 

JVydy = J (-y) = -(X(Y) Pl + X{J E Y) P2 + J E Y). 

\y J y 
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On the other hand, 



V Y Jdy= V Y (-b 1 ^p l+ b lP2 +X -^dy-^dy) 

-^Yb l p l +Yb l p 2 + V Y X-^V Y d y -^V Y d y 



-%Yhpi + Yb lP2 + V Y X -^-Y- ^fv^dy. 



Note that 



V Y X = V^X - yg x (Y, X)pi =V^X + h(Y, X) P2 - y9l (Y, X)p x 
= V§X + h(Y, X)r(a 2Pl - a lP2 ) - ygi (Y, X) Pl . 

Using the Koszul formulae, it is easy to check that Vy<9jj G E. Hence the condition 
JVydy = VyJdy is equivalent to the following three conditions 

A(F) -Ybi + h(Y, X)ra 2 - y 9l (Y, X) = 0, (90) 

- -X(J E Y)+Yb 1 -h(Y,X)ra 1 = 0, (91) 

y 



1 J E Y = V§X -^-Y- ^±^V^d y . (92) 



.'V v 

y ~~ yo.\ roc{ 



Adding ([90]) multiplied by a.\ and (|9T1) multiplied by a 2 , we get 

--(aiA(Y) + a 2 \(J E Y)) - a iy9l (Y, X) = 0. 

y 

This equality follows from ([86]) and (f80l) . Adding (|90|) multiplied by «2 and (j9Tj) multiplied 

by — «i, we get 

— (a 2 A(y) - aiX(J E Y)) - Ql + " 2 y6 1 + fc(y X)r(a? + a2) - ya 2gi (Y, X) = 0. 

y «i ■ " 

Using the Koszul formulae, it is easy to check that h(Y, X) = -g^V^d^X). Using (JSZJ) 
and ([80]) . we see that the above equality follows from ([92]) . 

Thus the condition JVydy = VyJ9 y is equivalent to (f92|) . From (f80l) and Lemma f4.3.10l 
it follows that (|92p is equivalent to 

J E Y = VyX -yY-(l+ y 2 )V Y T d y . (93) 



Let Yx,Y 2 e E, then 

JV Yl Y 2 = J(V^Y 2 - yg N {Y x ,Y 2 ) Pl ) = J(V§Y 2 + h(Y u Y 2 )p 2 - ygN{Yi,Y 2 ) Pl ) 

= X(V§Y 2 ) Pl + X(J E V§Y 2 )p 2 + J E V§Y 2 + h(Yx,Y 2 )r(a 2P2 + ra lPl ) - ygi{Y 1: Y 2 
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On the other hand, 

V Yl JY 2 = V Yl (A(y 2 )pi + A( J E Y 2 ) P 2 + J E Y 2 ) 

= Y 2 X(Y 2 ) Pl + Y 2 X(J E Y 2 ) P2 + V Yl J E Y 2 

= Y 2 \(Y 2 ) Pl + y 2 A(J £ y 2 )p 2 + V$ 1 J E Y 2 - ygi (Y u J E Y 2 ) Pl 

= Y 2 \(Y 2 ) Pl + Y 2 \(J E Y 2 ) P2 + V^J E Y 2 + h{Y x , J E Y 2 )r(a 2Pl - a lP2 ) - y gi {Y u 

Thus the condition JVy 1 Y 2 = Vyj JY 2 is equivalent to the following three conditions 

A(V%y 2 ) + rai/i(yi,y 2 ) = yA(y 2 ) - ra igi (Y u J E Y 2 ) + h(Yx, J E Y 2 )ra 2 , (94) 
A(J £ V^y 2 ) + ra 2 h(Y u Y 2 ) - r<x l9 {Y u Y 2 ) = yA^y) - h{Y u J E Y 2 )ra u (95) 
J £ V^ i y 2 = Vf 1 J i3 y 2 . (96) 

Since the Levi-Civita connections on the integral manifolds of the distribution E coincide 
with the restrictions of V E , we see that the integral manifolds of the distribution E are 
Kahlerian. 

Adding multiplied by ot\ and (f95l) multiplied by a 2 and using (f86l) . we get 

- r 2 a?<a(Vgy 2 ,X) + r(a 2 + a 2 2 )h(Y u Y 2 ) - ra 1 a 2 g 1 (Y 1 ,Y 2 ) = 

yi(-r 2 a?<?i(y 2 ,^)) - ral 9l {Y u J E Y 2 ). (97) 

Adding multiplied by a 2 and ([95]) multiplied by — «i and using ([87]) . we get 

r 2 a? 5l (J s V|y 2 ,X) +ra 2 <7i(yi,y 2 ) = 

Y 1 (r 2 a 3 1 g 1 (J E Y 2 ,X)) - ra^g^, J E Y 2 ) + r{a\ + a 2 2 )h(Y u J E Y 2 ). (98) 

It is easy to check that (|9T|) follows from ([92]) . Substituting J E Y 2 for Y" 2 in (|9T|) and using 
(f96l) . we see that (j9T|) and (j98|) are equivalent. Thus if (f92|) is true, then the condition 
JVy y 2 = Vyi jy 2 is equivalent to (f96j) . 

Similarly we can show that the condition JVy<9y = VyJ<9y is equivalent to (|92|) . 
Let Y € E. From the Koszul formulae it follows that h(Y, d y ) = 0. Hence, 

V a JY= V d .(X(Y) Pl + X(J E Y) P2 + J E Y) 

= d y \{Y) Pl + d y \{J E Y) P2 + VgJ E Y. 

Furthermore, 

jv a ,y = ivf y = A(vf y>! + a(j e v| \y) P2 + j E vf y 
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The condition JVq^Y = Vq.JY is equivalent to the following three conditions 

dy\(Y) = X(VgY), (99) 



dy\{J E Y) = \(J E VgY), (100) 
J E VgY = Vgj E Y. (101) 



Adding (i99|) multiplied by a± and (|100p multiplied by a 2 and using (|86|) . we get 

ai d y \(Y) + a 2 d y \(J E Y) = -r 2 al gi (V§_Y,X). 

Hence, 



ai d y X(Y) + d y (a 2 X(J E Y)) - \{J E Y)d y a 2 = -r 2 aj gi (VgY, X). 
Using Lemma 14.3.101 and (|86l) , we get 

dy(-r 2 a\ gi (Y,X)) - ai \(J E Y) = -r 2 a? 9l (V§Y, X). 

Since V N g\ = 0, we have 

-r 2 a?( 9l (Vf.y,X) + 9l (Y,V§.X)) - ai X(J E Y) = -r 2 a 3 l9l (VgY, X). 

Hence, 



-r 2 a{ 9l (Y, VgX) - ai X(J E Y) = 0. 

Using (j84"l) . we get 

</i(y,V£X) = -2^-^(gi(y,a 2 X- ai J B X)). 
y af + «2 

Since gi is non-degenerate, we see that 

V § X = a"' 2 (»2A - ai J E X) = —^{yX - J E X). (102) 



Adding (f9"9"j) multiplied by a 2 and (|100|) multiplied by — a% and using (fgfij) . we obtain the 
same condition. 

Let Y e E, d y Y = 0, then 

y dy Jy= Vd v (HY) Pl + \(J E Y)p 2 + J E Y) 

= dy\(Y) Pl + dyX(J E Y) P2 + dy(J E Y) + \j E Y. 

Furthermore, 

Jv dy Y = j(iy) = i(A(Y) P i + A(j s y> 2 + j E y). 
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The condition JX7g y Y = X7g y JY is equivalent to the following three conditions 

d y X(Y) = -X(Y), (103) 

y 

d y X(J E Y) = ^X(JeY), (104) 
d y (J E Y) = 0. (105) 

Condition ()105l) shows that J E does not depend on y. Adding ()103l) multiplied by a± and 
(|104|) multiplied by a 2 and using (f86l) . we get 

1 

— i 

y 

Hence, 



a l d y X{Y)+a 2 d y X{J E Y) = --r 2 a\ gi {Y,X). 



d y {a 1 X{Y) + a 2 X{J E Y))-d y {a 1 )X{Y)-d y {a 2 )X{J E Y) = -ra 2 l9l (Y, X). 
Using Lemma 14.3.101 and (|86p . we get 

d y (-r 2 al 9l (Y,X)) - i-A(F) - ^-X(J E Y) = -raj gi (Y,X). 

Hence, 



--ra\ gi {Y,X) - r 2 a\d ygi {Y,X) + {a x X{Y) + a 2 X(J E Y)) = -ra\ gx {Y y X). 

1 zrai 

Consequently, 

d ygi (Y,X) = -- gi (Y,X). 

y 

Since V<? = 0, we have 

d y9l (Y,X) = d y (^g(Y,X)) = -%g(Y,X) + ^d y g(Y,X) 

= -p(Y,X) + y g (V 9 Y,X) + ^ g (Y,V dy X) 

= -y g (Y,X) + y g (±Y,X) + j I ~ g {Y,d y X+ 1 -X) 

= 9l (Y,d y X). 



Therefore, 



Thus, 



gi (Y,d v X)=-- gi (Y,X). 



d v X = —X. 

y 



Since X = ^X, we see that d y X = 0, i.e. the vector field X does not depend on y. 
Similarly we can show that X does not depend on x and x. 
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For the Sasaki field we have 



rJ (^-d x 



J(rd r 

~2^P 2 + 2(l+y 2 ) 



yy 



v 



2(l+J/ a ) 



~ 91 {X, X)p 2 + X- yyd y - (1 + y 2 )dy 



_r_ ygi(X,X) 
2ai ~ r 2(l+y 2 ) 



ypi - \i>2 



y v 2«i 
1 



y 9l (X,X) \ - _ 
+ 2(l+y 2 ) J ^2 2 Ql Pl 



y 

r.2\ 



2(i +y * )9i(X,X) Pl +X - yyd y - (1 + y 2 )<% 



3/ V 2 «l 2(l+y 2 ) y Ux ' 
1 gi(X,X) 
^ 2(l+y 2 ) 



^ {ai d r + ^d s )+X 



2a 



yy 



2ai Ur ~ 2rai 



d s )-(l+f)dy 



-yds + 



9& + X -(i + f)dy 
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\ 
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— c 
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-Xi 
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IV. Let zq = (a, w) £ U ZQ = (a, b) x N. Let fyol z be the holonomy algebra of the manifold 
(U z ,g\uz) at the point z £ U z and fyol w (N) be the holonomy algebra of the manifold (N, g^) 
at the point w £ N. Denote by g the subalgebra of u(T z U z , g z ) that annihilates the vectors 
p lz and p 2z . Obviously, f)ol z C g. Consider a basis Pi z ,p 2z ,d Xl \ z , ■ ■■,d X2n \ z ,q 2 ,q 1 of T Z U Z , 
where q\ and q 2 are any vectors orthogonal to E z and such that g{pi z , qi) = g{p2z-,q2) = 1 
and other values of g(qi,-) and g(q2r) are zero. We claim that using this basis we can 
identify the Lie algebra g with the following matrix algebra 

eel 

X 2 £ E z , 

X x = - J E X 2 + y{z){1 l, {z) . 2) A{-y{z)X z + J E X Z ), 

A £ u(E z ,g z ) 

(106) 

Indeed, any element B £ so{T%U z ,g z ) such that Bp\ z = Bp 2z = has in the above basis 
the matrix as above with any X\ £ E z and A £ so(E z , g z ). Let y £ E? z , then 

Jsjy = Js(A(y)pi, + A(j s y) P22 + J*^) = J(g(Xi, JeY) P1z + §(x 2 , j e y) P2z + aj e y) 

= g{X u J E Y)p 2z - g(X 2 , J E Y)p lz + \{AJ E Y)p lz + \{J E AJ E Y)p 2z + J E AJ E Y, 
BY= g(X 1 ,Y) Plz + g(X 2 ,Y)p 2z + AY. 

From the condition B £ u(T z U z ,g z ), i.e. JSjy = -.By, and (J8TJ) it follows that A £ 
u(E z ,g z ) and 

A(Ay) = ff(X 2 - J £ Xx,y). 

Using (fHTl) . we get 



y{ z ) 



Hence, 



l + y(z) 2 



gi (AY,y(z)J E X + X) = y{zf gi {X 2 - J E X U Y). 



gi (Y,A(y(z)J E X + X)) = y(zy 9l (X 2 - J E X 1: Y). 
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Thus, 



and 



X 2 = J E X\ + 



X\ = —JeX2 + 



1 



l(z)(l+v(zY) 

1 



A(y(z) J E X + X) 



A(-y(z)X z + J E X Z ). 



y(z)(l+y(zn 

We claim that in the basis p lz , p 2z , d Xl \ z , ...,d X2n \ z , ■ y ^d y \ z ,d y \ z we have 



/ X*+y(z)X* 








c 
-+^Xl -c 

A -^X 2 -X 1 -y(z)X 2 







I V 

Indeed, for Y £ E z we have 



X\ = —JeX 2 + 



X 2 G E z , 
1 A(-y(z)X z + J E X Z ), 



> . 



y(z)(l+S(z) 2 ) 
A e u{E z ,g z ) 



(107) 
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(y) = 5>i* + ff(X 2 , y) P2z + AY = ~g{X u Y)p lz + £(X 2 , Y) (y(z)p lz - ^- )P2z ) + AY 

l 

y( z ) 



= ~g{X 1 + y(z)X 2 , Y) Plz - J-,g(X 2 , Y)p 2z + AY. 



Consider the vector subspace E' = {Y' = Y - \{J E Y)p lz \Y G E z ] C T 2 £/ 2 . Let y G £ 2 , 
then 

j(y - A(j s y) m2 ) = A(y) m2 + A(j E y) P22 + j £ y - A(j s y) P22 

= J E Y - X(J E J E Y)p lz , 

i.e. £" is J-invariant. Let pi z ,p 2z ,ei, ...,e 2n ,q 2 ,qi be a basis of T Z U Z , where ei,...,e 2n 
is a basis of E' and (ft, g 2 are any vectors orthogonal to E' and such that g(pi z ,qi) = 
g(p 2z ,q 2 ) = 1 and other values of g(qi, ■) and g(q 2 ,-) are zero. We claim that using this 
basis we can identify the Lie algebra g with the following matrix algebra 
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-J E X\ 
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eel, 

X 2 G E z , 
A G u(E z ,g z 



(108) 



Indeed, for Y G E z we have 

B(y - A(j £ y> l2 ) 

= fif(Xi,y)pi z + ^(x 2 ,y)p2 Z + Ay 

= ff(X l5 Y)p lz + ff(X 2 , y) P22 + AY - X(J E AY) Plz + A( J E AY)p lz 

= (g{X u Y) - j^-^JeAY, y(z)J E X + X)) p lz + g(X 2 , Y)p 2z + AY - X(J E AY)p lz 

= g(~J E X 2 , Y)p lz + g(X 2 , Y)p 2z + AY- \( J E AY)p lz . 
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In [51] T. Leistner proved that the projection of fjol 2 to so(T w , g^ w ) C so(T z ,g z ) coincides 
with f)O^(iV). From this, (fTUT)) and (fTUHl) it follows that 



fjot 





/ 








-J E x\ 


CO 
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— ca 
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-x 2 


J E X 2 
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/ 



x\ 







A -X 2 




e W W {N), cG 



(109) 



where a = or a = 1. 

Lemma 4.3.11. Suppose that the holonomy algebra f)ol 2 is weakly-irreducible. Then 
\)0\ W {N) is also weakly-irreducible. 

Proof. Suppose that the holonomy algebra fyol w (N) is not weakly-irreducible. From the 
Wu theorem it follows that the manifold (N, g) is locally a product of a Lorentzian manifold 
and of a Riemannian manifold. Changing U z , we can assume that this decomposition is 
global, i.e. (N = Ni x N2,gN = 9n x + 9n 2 )i where (iV"i,gjVi) is a Lorentzian manifold 
and (N2,gN 2 ) 1S a Riemannian manifold. In particular, f>2 £ TNi C TN. Since p2 is 
parallel, it does not change in the directions of TN2, i.e. p2 is a vector field on N\. Let 
dimA^i = m + 2. Applying the theorem from [55] to the manifold (iVi, gjvi)) we see that 
there exist coordinates x,y,xi, ...,x ni on (jVi,<?jVi) such that 9^ = ^2 and the metric gjvi 
has the form 

ffjVj = 2dxdy + g 2 , 

where 52 is a y-family of Riemannian metrics on the integral manifolds corresponding to 
the coordinates xi, x ni . We can assume that these coordinates are global and that 
there exist global coordinates x ni+ \, ...,X2 n on A^2. We get 

9N = 9N 1 + 9N 2 = 2dxdy + 92+ gN 2 ■ 

Let E\ C XjVj C TN be the distribution generated by d Xl ,...,d x . In our previous 
notation, g\ = g2 + 9N 2 and E = E\®TN2- Since the integral manifolds of the distribution 
E are Kahlerian, we see that the integral manifolds of the distribution E2 are Kahlerian 
and the manifold (^2,52) is Kahlerian. In particular, n\ is even. Consider the following 



basis of E z , e\ = d. 



■ i e 2n = d X2n \ w . For the holonomy algebra ^[^(A^) we get 
fox* \ 

£ WW, M € t)0t(iV 2 ) 
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-J E xi 
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Ai 





-x 2 
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x\ 

A Y 
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From this, f)109|) and the fact that X2, Je^2 & E\ it follows that the holonomy algebra 
rjo[ 2 preserves the vector subspace T Z N% C T Z U Z , i.e. it is not weakly-irreducible. □ 

From flUEJ) it follows that if t)ol w (N) is of type 2 ' u , then ho[ 2 is of type fj pw^=°^=° ; 
if t)ol w (N) is of type , then ho[ 2 is of type i )0 ( n ' u ^' k ' 1 for some I, k < I < n. This 

proves Part IV of the theorem. The proof of Part V follows from the proof of Part III. 

The theorem is proved. □ 

4.3.5 Proof of the statement of Example 14.3.21 

Suppose that the metric g\ has the form g\ = f(y)go, where go does not depend on y. Let 
Y £ E, dyY = 0. From fl93|) and Lemma it follows that 

J E Y = V§X + FY, (111) 

where F = -y - (1 + y 2 )jj§j- Applying J E , we get 

-Y = V§J E X + FJ E Y, (112) 

Adding (lllip multiplied by F and (11120 . we get. 

-(1 + F 2 )Y = V§(FX + J E X). 

Hence, 

where V° is the Levi-Civita connection of the metric go. Since dyY = 0, we see that 

d y (iTi^ (i?1 + JeJ{) ) = °" (n3) 

From (I102P and Lemma 14.3.21 it follows that 

= — X + f ~o X — ——tjJeX. 
2/(y) 1 + y 2 1 + y 

Similarly, 

/'(v) y 1 - 

dyJ E X = — J E X + th JeX + „ 9 X. 

2/(y) 1 + y 2 1 + y 2 

Hence the equality ()113[) ie equivalent to the following two equations 

2 ^' + r-£ + T ^ + T 2_ = o, (114) 



1 + F 2 2f 1 + y 2 1 + y 

2FF' F f y _ 
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From (|115p and the definition of F it follows that 

FF' y 



(116) 



1 + F 2 l + y 2 ' 
Hence, 

1 + F 2 = c (l + y 2 ), (117) 

where c is a constant. From (|114p and (|116p it follows that F' = — c. Hence, F = —cy + ci, 
where c\ is a constant. From this and (|117|) it follows that c = 1 and ci = 0. Thus, 
/'(y) = and f(y) = const. Obviously, the holonomy algebra of (N,g]y) is not weakly- 
irreducible. Thus fjol is also not weakly-irreducible. □ 
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